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PREFACE. 



The object of the present work is to supply a want very 
generally felt by Assistant Engineers on Railroads. Books 
of convenient form for use in the field, containing the ordi- 
nary logarithmic tables, are common enough ; but a book 
combining with these tables others peculiar to railroad 
work, and especially the necessary formulae for laying out 
curves, turnouts, crossings, &c., is yet a desideratum* 
These formulae, after long disuse perhaps, the engineer is 
oflen called upon to apply at a moment^s notice in the 
field, and he is, therefore, obliged to carry with him to 
manuscript such methods as he has been able to mvent ot 
collect, or resort to what has received the very appropriate 
name of " fudging." This the intelligent engineer always 
considers a reproach ; and he will, therefore, it is hoped, 
receive with favor any attempt to make a resort to it inex- 
cusable. 

Besides supplying the want just alluded to, it was thought 
that some improvements upon former methods might be 
made, and some entirely new methods introduced. Among 
the processes believed to be original may be specified 
those in §§41-48, on Compound Gurvea^vcv CWs^^st^-. 
OD Parabolic Curves, \n ^^ \^^ - \^^ ^ wv^ ^xvnr.^ ^>«:«5 
and in the article on Elxcava^Aotv ^xA ^tc^oks^^^^^ 
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but just to arid, that a great part of what is said on Reversed 
Curves, Turnouts, and Crossings, and most of the Miscel- 
laneous Problems, are the result of original investigations^ 
In the remaining portions, also, many simplifications have 
been made. In all parts the object has been to reduce the 
operation necessary in the field to a single process, indi- 
cated by a formula standing on a line by itself, and distin- 
guished by a E^^. This could not be done in all cases, as 
will be readily seen on examination. Certain preliminary 
steps were sometimes necessary, and these, whenever it 
was practicable, have been indicated by words in italics. 

Of the methods given for Compound Curves, that in 
§ 46 will be found particularly useful, from the great variety 
of applications of which it is susceptible. 

Methods of laying out Parabolic Curves are here given, 
that those so disposed may test their reputed advantages. 
Two things are certainly in their favor ; they are adapted 
to unequal as well as equal tangents, and their curvature 
generally decreases towards both extremities, thus making 
the transition to and from a straight line easier. Some 
labor has been given to devising convenient ways of laying 
out these curves. The method of determining the radius 
of curvature at certain points is believed to be entirely 
new. Better processes, however, may already exist, par- 
ticularly in France, where these curves are said to be in 
general use. 

The mode of calculating Excavation and Embankment 
here presented, will, it is thought, be found at least as sim- 
ple and expeditious as those commonly used, with the ad- 
vantage over most of them in point of accuracy. The usual 
Tables of Excavation and Embankment have been omitted. 
^ Include all the varieties of slope, w'ldlYv o? \o^^Ai^^, ^m.^ 
9tA of cuttings they must be of great exteuX., ^tv^ >\xv^\\x^^ 
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for d field-book. Even then they apply only to ground 
whose cross-section is level, though often used in a manner 
shown to be erroneous in § 128. When the cross-section 
of the ground is level, the place of the tables is supplied by 
the formula of § 1 19, and when several sections are calcu- 
lated together, as is usually the case, and the work is ar- 
ranged in tabular form, as in § 120, the calculation is be- 
lieved to be at least as short as by the most extended tables. 
The correction in excavation on curves (§ 129) is not 
known to have been introduced elsewhere. 

In a work of this kind, brevity is an essential feature. 
The form of " Problem " and " Solution " has, thereforo. 
been adopted, as presenting most concisely the thing to bo 
done and the manner of doing it. Every solution, how- 
ever, carries with it a demonstration, which is deemed an 
equally essential feature. These demonstrations, with a 
few unavoidable exceptions, principally in Chapter II., pre- 
suppose a knowledge of nothing beyond Algebra, Geome- 
try, and Trigonometry. The result is in general expressed 
by an algebraic formula, and not in words. Those familiar 
with algebraic symbols need not be told how much more 
intelligible and quickly apprehended a process becomes 
when thus expressed. Those not familiar with these sym- 
bols should lose no time in acquiring the ready use of a 
language so direct and expressive. It may be remarked 
that it was no part of the author's design to furnish a col- 
lection of mere " rules," professing to require only an abil* 
ity to read for their successful application. Rules can sel- 
dom be safely applied without a thorough understanding of 
ihc principles on which they rest, and such an understand- 
ing, in the present case, implies a knowledge o€ ;sl^Vs^^al>!s:> 
formuliD. 

The tables here presented nv\\\,\\ v^V^V^^- V^^^"^ "^ 
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ble. Those specially prepared for this work have been 
computed with great care. The values have in some cases 
been carried out farther than ordinary practice requires, in 
order that interpolated values may be obtained from them 
more accurately. The remaining tables have been care- 
fully examined by comparing them with others of approved 
reputation for accuracy. Many errors have in this way 
been detected in some of the tables of corresponding ex- 
tent in general use, particularly in the Tables of Squares, 
Cubes, etc., and the Tables of Logarithmic and Natural 
Sines, Cosines, etc. The number of tables might have 
been greatly increased, but for an unwillingness to insert 
any thing not falling strictly within the plan of the work 

or not resting on suflScient authority. 

J. B. H. 
Boston, Februa/ry^ 1854, 

Up to the present time more than sixteen thousand 
copies of this work have been issued, without any change 
from the first edition, except the correction of a few typo- 
graphical errors. Certain changes and additions have 
now been made. Tables VIII and IX, which had lost 
some of their usefulness, have been replaced by tables 
for computing heights by the aneroid barometer, and for 
the comparison of English and French weights and meas- 
ures. Tables I and X have been slightly changed, and a 
new table. Table XVII, added. An Appendix has also 
been added, containing twelve articles, the titles of which 
may be seen on page xv. They treat of subjects sug- 
gested by later experience or by engineers of repute, and 
they will, it is hoped, give increased value to the book. 

J. !B. H. 

Au^^t, 1881. 
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EXPLANATION OF SIGNS. 



THBsig^ + indicates that the quantities between which it i> pUice<] 
ai^ to be adckd together. 

The sign — indicates that the quantity before which it is placed 
is to be subtracted. 

The sign X indicates that the quantities between which it b placed 
are to be multipUed together. 

The sign -f* or * indicates that the first of two quantities between 
which it is placed is to be divided bj the second. 

The sign b indicates that the quantities between which it is placed 
ureeguot 

Tho sign co indicates that the difference of the two quantities be- 
tween which it is placed is to be taken 

The sign .*. stands for the word " hence " or " therefore." 

The ratio of one quantity to another maj be regarded as the quo- 
tient of the first divided by the second. Hence, the ratio of a to 6 ii 
expressed by a : 6, and the ratio of c to cf by c : cf. A proportion ex 
presses the eqiudity of two ratios. Hence, f> proportion is representrd 
by placing the sign » between two ratios ; as, a 1 6 a c : (f . 



In the text and in the tables tLe foot has been taken as the unit ou 
(neasuTB when no other unit is specified. 
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CHAPTER I. 

CIRCULAR CURVES. 

Abticle I. — Simple Cubyes. 

1. Tun railroad currcs here considered are either Circular or Paiu 
holic Circular cnrvcs are diyided into Simple, Reversed, and Com- 
pound Curves. We begin with Simple Curves. 

2. Let the arc ADEFB (fig. 1) represent a railroad curve, tmit 

K 
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; CIRCULAR CURVES. 

iHg the straiglit lines GA and B H. The length of such a curve ib 
measured by chords, each 100 feet long* Thus, if the chords A Z>, 
DJEJ, EF^ and F B are each 100 feet in length, the whole curve is 
said to be 400 feet long. The straight lines G A and "B H are always 
tangent to the curve at its extremities, which are called tangent points. 
If GA and B H are produced, until they meet in C^ AC and B Q 
are called the tangents of the curve. If ^ C is produced a little beyond 
Cto A", the angle AT CZ?. formed by one tangent with the other pro- 
duced, is called the angle of intersectiony and shows the change of direc- 
ti'on in passing from one tangent to the other. 

The following propositions relating to the circle are derived from 
Geometry. 

I. A tangent to a circle is perpendicular to the radius drawn through 
the tangent point. Thus, ^ C is perpendicular to ^ 0, and B C to 
BO. 

II. Two tangents drawn to a circle from any point are equal, and if 
a chord be drawn between the two tangent points, the angles between 
this chord and the tangents are equal. Thus A C = BC, and the 
angle BAC=^ABa 

III. An acute angle between a tangent and a chord is equal to half 
the central angle subtended by the same chord. Thus, CAB^s^ 
hAOB. 

IV. An acute angle subtended by a chord, and having its vertex in 
the circumference of a circle, is equal to half the central angle sub- 
tended by the same chord. Thus, DAE — k DOE, 

V. Equal chords subtend equal angles at the centre of a circle, and 
also at the circumference, if the angles are inscribed in similar seg- 
ments. Thns,AOD^DOEy&na DAE^EAF 

VI. The angle of intersection of two tangents is equal to the cen 
tral angle subtended by the chord which unites the tangent point 
Thus, KCB=^AOB, 

3. In order to unite two straight lines, as GA and BH^ by a curr 
the angle of intersection is measured, and then a radius for the cur 
may he assumed, and the tangents calculated, or the tangents may 
assumed of a certain length, and the radius calculated. 



* Sowe engineers prefer a chain 50 feet in length, and measure the length 
£urr0 bjr chords of CO instead of 100 feet. The chord of 100 tect \^vsa Xieeti w' 
*ue ibis article f but the forniuUe deduced may be ^ery r«TivV:\\>j xnoC 
i» ofMnv length. See also « la 
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4 Problem. Given the angle o/interseetum KCB 
anff the radius AO ^ R, to find the tangent AC ^ T, 



8 



l(J9 1) 




Solution. Draw C 0. Then in the right triangle J. C we have 



AC 



(Tab. X. 3) —- = X&n. AOCj or, since A C= 4 / (§ 2, VI.) 



g = tan. i 7; 



.-. T= /2tan. i /. 



Example, Given 7 = 22° 52', and R = 3000, to find T. Here 

72 = 3000 3.477121 

i /= 11° 26' tan. 9.303869 



r= 606.72 



2"^1^<i.<^ 



5. Problem. Given Out angle of inlerseAlon K.C B ^^^ V^ 
2»a//fe to«y«?f ^ C == T, to Jiiid tlw radius AO ^=^ ^ 



4 CIRCULAR CURVES. 

SUtUion. In the right triangle A O C we have (Tab. X. 6) 

A O R 

— -- ass cot A OCi or — = cot. i /; 

AC A 

er .•. /2 = rcot 4/. 

Example. Given / = 31° 16' and 7"= 950, to End JR. Here 

T=950 2.977724 

d / s= 15<> 38 cot 0.553102 



R = 3394.89 3.530826 

6. The degree of a carve is determined by the angle subtended at 
its centre by a chord of 100 feet Thus, if -4 0Z) = 6° (fig. 1). 
ADEFB is a 6° curve. 

7. The deflection angle of a curve is the acute angle formed at any 
point between a tangent and a chord of 100 feet The deflection angle 
is, therefore (^ 2, III.), half the degree of the curve. Thus, CA D or 
CBF 13 the deflection angle of the curve ADEFB, and is half 
AOD or half FOa 



A Method by Deflection Angles, 

8. The usual method of laying out a curve on the ground u by 
means of defection angles. 

9. Problem. Given the radius AO = R (flg. 1), to flnd the de- 
flection angle CBFs=D. 

Solution. Draw OL perpendicular to DF, Then the angle BOL 
= iB OF=D, and BL=s iBF= 50. But in the right triangle 

OBL we have (Tab. X. 1) sin. BOL =: |^; 

•-B. • r» 50 

^' sm. D=^-j' 

Example. Given R » 5729.65, to find D. Here 

50 1.698970 

R = 5729.65 3.758128 



D := 30' sin. 7.940842 

Hence a curve of this radios is a 1° curve, and its deflection angle ie 
80'. 

/a J^roMeMn. Given the dti/Uctum angle 06 F » I> Jig. \\\b 
t^/fSe nufiusJO = R. 
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50 
Solidion, Bj the preceding section we have sin. ^ = pi wbenoo 

ifi sin. Z> = 50 ; 

50 



Bin.Z> 
By this formnia the radii in Table L are calcnlatod 

Exaaqtte^ Given Z) =: 1°, to find 72 Here 

50 1.698970 

Z> = 1» sin. 8.241855 



22 =s 2864.93 3.457115 

1 1 . Problem* Given the angle of intersection KCB^^^I {fig. 1 ), 
4md the tangent AC = T^ tofitid tlie deflection angle CA D s=s D, 

Solution. From § 9 we hare sin. Z) s= •--, and from § 5, /2ss 

Tcot. i 1. Substituting this value of R in the first equation, we get 

Tcot. i / 

. y. 60 tan. 1 1 
.'. sm. D = =— 

T 

Example. Given 7 « 21^ and T <== 424.8, to find D. Here 

50 1.698970 

i / = 10*» 30 tan. 9.267967 



0.966937 
Tb 424.8 2.628185 



Z) a 1® 15' sin 8.338752 

12. Problem. Given the angle of intersection K CB a I (Jig. I), 
and the d^flecUon angle CAD^ D, to find the tangent A C ^ T. 

Solution. From the preceding section wo have sin. D a — - — • 

Oence, Tsin. Z) » 50 tan. ^ I; 
^» ,., y_ 50tan.iZ 

8in.Z> 

EximpU. Given I = a%« axvei D = V^, \ft ^sA^I. ^«^ 
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13. Problem* Given the angle of intersection K CB = / {fy, 1), 
arid the deflection angle CA D = D, to find die length of the cunv. 

Solution. "By § 2 the length of a carve is measured by chords of 100 
feet applied around the curve. Now the first chord A D makes with 
the tangent ACaxi angle CA D = D^ and each succeeding chord 
DEfEF, &c. subtends at A an additional angle DAE, EAF^ &c. 
each equal to D; since each of these angles (^ 2, IV.) is half of a 
central angle subtended by a chord of 100 feet The angle CA B = 
4 -4 ^ = i / is, therefore, made up of as many times Z), as there are 
chords around the curve. Then if n represents the number of chords, 
we have n D = i /; 

D 

If Z) is not contained an even number of times in ^ /, the quotient 
above will still give the length of the curve. Thus, in fig. 2, suppose 
D is contained 4§ times in j| /. This shows that there will be four 
whole chords and | of a chord around the curve from Aio B. The 
angle GAB, the fraction of Z>, is called a sub-deflection angle, and 
G J5, the fraction of a chord, is culled a sub-chord.* 

The length of the curve thus found is not the actual length of tho 
arc, but the length required in locating a curve. If the actual length 
of the arc is required, it may be found by means of Table VI. 

Example. Given / r= ir,o 50' and D = l^ 20', to find the length of 

the curve. Here n = -- = j~r = -— = 6.325, that is, the curve 

is 632.5 feet long. 

To find the arc itself in this example, we take from Table VI. the 
length of an arc of 16« 52', since the central angle of the whole curve 
is equal to /(§ 2, VI. ), and multiply this length by the radius of the 
curve. 

Arcip^ =.1745329 
« 6° = .1047198 
»* 50' =.0145444 
•* 2' =.0005818 



" 16° 52' = .2943789 



* ThLj method of finding the length of a sub-chord is not mathematically accn- 
rate ; for, by geometry, angles inscribed in a circle are proportional to the arcs ov 
irjb/cA thejr stand f whereas thie method supposes them to \>e 'pTopoTtLoini to the 
^*^>nA of tiiese sres. la railroad curves, the error arising from \\i\a %uv^<»\x\'v^ \\ 
'^ tobe regart^ed 
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Tho radius of the-curve ia foauJ from Table L to bo 3148.79, and this 
muliipUcd b; .2943789 gives 632.5S8 feet for tho leDgth of the uc. 

14. Proltlem. Given Ike defledim angle D, lolay out a cum 

flma a givta langtni point. 




SahtiOB. Let A (dg. 2) be tho giren tangent point ia the tangent 
BC. Set tlie inslramcnl at A, and lay off tlio given dcflcctioD angle 
D from A C. This nill give the dircclion A D, and 100 feet being 
measured from A in this direction, the point D will be determined 
Laj olT in snccession the additional angles DA E, EA F, &e., cai'h 
equal to D, and make DE, E F, &c. each 100 feet, and the pointa 
E, F, &c. will be deicrminEd. Tho points A E, F, &c, thaa deter- 
mined, are points on the required curve (^ 7, and } 2, III., IV-), and 
are called slalions. 

If there is a anb.ehord at Iho end, a G B, the sub-dell cetion angle 
GAB must be the same part of Z) that G B is of aivhole chord (f 13). 

IS. It is oflcn impossible to la/ out tho vhole of a carvo, vithoat 
removing tho instrnmcnt from its first position, either on acconoi ol 
die great length of the curve, or because soma obslmelion to the Eight 
may bo met with. In this rasa, afler determining as mai\^ wji>JRiwfc»»- 
possiblo, and rcmovinii; the instrun^cirt \o fivnAoW. Q^ ■&■«» w».>j!s™,-«| 
oDffht 10 be ahla to find ilie tanRent W> ^'he <».t"6 b.\ *fi» w»-m"& ■. 
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then the carve conld be continued by deflections from the new tangent, 
iu precisely the same way as it was begun from the first tangent 

16. ProMem* AJier running a curve a certain nmnber <^ stutiona^ 
to find a tangent to the curve at the last station. 

Solution, Suppose that the curve (fig. 2) has been run three stations 
to F, and that FL is the tangent required. Produce AF to K, and 
we have the angle KFL^AFC, But 2, II.) AFC^FAG 
Therefore KFL = FA C. Now FA C is the sum of all the deflec- 
tion angles laid oft* from the tangent at A^ that is, in this case, FA C 
s= 3 D, and the tangent FL is, therefore, obtained by laying off from 
ii/^ produced an angle KFL equal to the total deflection from the 
preceding tangent. 

If the curve is afterwards continued beyond F, as, for instance, to B 
a tangent BN &t B is obtained by laying off from FB produced au 
angle MBNs=iLBF=LFBf the total deflection firom the pre 
ceding tangent FL. 

B. Method by Tangent and Chord Deflections. 

17. Let ABCD (flg. 3) be a curve between the two tangents EA 
and DLi having the chords A B^ B Q and CD of the same length 

Fig. 3 




E 

Produce the tangent E Ay and from B draw B O perpendicolar to 
A Cr, Produce ako the chords A B and B C, and make the produced 
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parts B U and C J^ of the same length as the chords. Draw CR 
dnd DK. BG is called the tangent defection, and CH or DKltha 
chord deflection, 

18. Problem. Given the radius AO = R (Jig. 3), to find the 
tangent deflection B G^ and the chord deflection CH, 

Sohaiom, The triangle CBH is similar tolBOC; for the angle 
BO C^ ISO^— {OB C+B CO), or, since BCO =:» ABO.BOC 
== 180^— {OBC + ABO) = CBH, and, as both the triangles are 
isosceles, the remaining angles are equal. The homologous sides are, 
therefore, proportional, that is, BO: BC=iBC: CH, or, repre8en^ 
tng the chord by c and the chord deflection bj </, /2 : c » c : cf ; 

To find the tangent deflection, draw i? 3/ to the middle of C7J7, 
bisecting the angle CBH, and making BMC a right angle. Then 
the right triangles BMC and AGB esQ equal ; for B C=ABj and 
the angle CB M =^ k CB H= i BOC= liAO B = B AG (§2, 
ILL). Therefore JB G = CM= h CH = i rf, that is, the tangent de 
flection ie half the chord deflection, 

19. Problem* Given the deflection angle D of a curve, to fiiad the 
chord deflection d. 

Solution, By the preceding section we have ^= -^t and by \ 10, 

R = ^~h' Substituting this ralue of i2 in the first equation, we find 

, c* Rin. D 

^* «/ = rr 

50 

This formula gives the chord deflection for a chord c of any length 
though D is the deflection angle for a chord of 100 feet (§ 7). When 
c = 100, the formula becomes d = 200 sin. D, or for the tangent de- 
flection i cf = 100 sin. D. By these formulae the tangent and chord 
deflections in Table I. may be easily obtained from the table of natural 
sines. 

20. The length of the curve may be found by first finding D (^ 9 or 
111), and then proceeding as in § 13. 

21. Problem. To draw a toi^genl to CUfc oKn» «x osc^ *»»>» 
u B (Jig. 3). ^^^, 

Saltaion. Bisect tne chord ue«lec\\oTi H C cA Oq» -^^^"^ ^"^^ 
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A line drawn through B and M will be the tangent required ; foi it 
has been proved (§ 18) that the angle C B M \a'm tliis case equal to 
^ B Cj and B Mis consequently (§2, III.) a tangent at B, 

If B is at the end of the curve, the tangent at B may be found with- 
out first laying off H C. Thus, if a chain equal to the chord is extend- 
ed to ^ on J. Z? produced, the point H marked, and the chain then 
swung round, keeping^he end at B fixed, until HM = i </, BAI will 
be the direction of the required tangent.* 

22. Pro1>lCIII* Given the cJtord deflection </, <& lay out a curve 
from a given tangent point. 

Solution. Let A (fig. 3) be the given tangent point, ana suppose a 
has been calculated for a chord of 100 feet. Stretch a chain of 100 
feet from J. to G on the tangent E A produced, and mark the point 
G, Swing the chain round towards A B, keeping the end at A fixed, 
until B G is equal to the tangent deflection i rf, and B will be the first 
station on the curve. Stretch the chain from B to JS^ on AB pro 
duced, and having marked this point, swing the chain round, until HC 
is equal to the chord deflection d. C is the second station on the curve. 
Continue to lay oflf the chord deflection from the preceding chord pro- 
duced, until the curve is finished. 

Should a sub-chord DFoczmt at the end of the curve, find the tan 
gent DL &t D (^ 21), lay off from it the proper tangent deflection LF 
for the given sub-chord, making DF of the given length, and F will 
be a point on the curve. The proper tangent deflection for the sub- 
chord may be found thus. Represent the sub-chord by c', and the cor* 

responding chord deflection by c?', and we have (§18) ^^' ^^ 2R* ^ 
since hd = r~^ we have i c?' : i d = c" : c*. Therefore ^ rf' = ^ c? f-) 

Example. Given the intersection angle I between two tangents 
e'^ual to 16° 30', and R = 12.50, to find T, rf, and the length of the 
carve in stations. Here 

(§ 4) T= R tan. i 7= 1250 tan. 8° 15' = 181.24 j 

(H8)rf = -^ = — = 8, 



* The distance BM\b not exactly equal to the chord, bat the error arising from 
iakh^Hegaal Is too email to be regarded in any enrves bat those of very smaU 
j adioB. If Dtf ceasary, tiie true length of B M may Y» ca:Lfiu\DJte^\ tot B M « 
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<§ 9) sin. Z> = ~ = -^ = .04 = nat. sin. 2® 1 74'; 

/{ 1250 

(» 13) » = 3- - ^^, = j5^ = 3.60. 

These results show, that the tangent point A (fig. 3) on the first tan 
crent is 181.24 feet from the point of intersection, — that the tangent 
deflection GB=^d=4 feet, — that tlie chord deflection II C or KC 
= 8 feet, — and that the curve is 360 feet long. The three whole sta- 
tions By C, and D having heen found, and the tangent DL drawn, the 
tangent deflection for the sub-chord of 60 feet will be, as shown above, 

id' = 4 (— ) = 4 X .6« = 4 X .36 = 144. LF^IM feet being 

laid off from D L, the point F will, if the work is correct, fall upon 
the second tangent point. A tangent at F may be found (§ 21) by 
producing DF to P, making FP= DF= 60 feet, and laying oflf 
^iV= 1.44 feet. FN will be the direction of the required tangent, 
which should, of course, coincide with the given tangent. 

23. Curves may bo laid out with accuracy by tangent and chord 
deflections, if an instrument is used in producing the lines. But if an 
instrument is not at hand, and accuracy is not important, the lines may 
be produced by the eye alone. The radius of a curve to unite two 
given straight lines may also be found without an instrument by § 73, 
or, having assumed a radius, the tangent points may be found by ^ 74. 

C. Ordinates. 

24. The preceding methods of laying out curves determine points 
100 feet distant from each other. These points are osnally soflScient 
for grading a road ; but when the track is laid, it is desirable to have 
intermediate points on the curve accurately determined. For this pur- 
pose the chord of 100 feet is divided into a certain number of equal 
parts, and the perpendicular distances from the points of division to 
the curve are calculated. These distances are called ordinates. If the 
chord is divided into eight equal parts, we shall have points on the 
curve at every 12.5 feet, and this will be often enough, if the rails, 
which are seldom shorter than 15 feet, have been properly curved 
{^ 28). 

25. Pro1>lciIl* Given the deflection angle D or the radlxu. E. c^f vx 
•.•urpfi, to find the ordincUesfor any chord. 

So/ution. I. To find the middVe ot^vcv^lX.^. \-^\. A.^^ V^^*^ 
* portion of a curve, subtended \>y a chox^i A B., -wViv:^ \»jki 
2 



i2 
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noted bjrc. Draw the middle ordinate ^Z>, and denote it by in Pko* 
dace ED to the centre F, and join AF wnd AE. Then (Tab. X. 8) 




—-— tan. jfc'-AZ^, or i5;Z> = ADtan,EAD, But, since the angic 

A.JJ 

BAD is measured by half the arc BE^ or by half the equal arc A JS?, 
we liave EAD^IA FE. Therefore ED^ AD tan. i A FE, or 

tW TO = ic tan. i^F^. 

When c = 100, -4i^JS ==/>(§ 7), and m = 50 tan. $ Z), whence m 
may be obtained from the table of natural tangents, by dividing tan. 
i Z) by 2, and removing the decimal point two places to the right. 

The value of m may be obtained in another form thus. In the 

triangle ADF^q have DF=- ^AF*'^^AI^^ y72« — ic«. Then 
m^EF— DF^R — DF, or 



f^^ 



», = /2 — V/i" — ic«. 



II. To find any other ordinate, as 22iV, at a distance DN^^ h from 
the centre of the chord. Produce R N until it meets the diametci 



parallel to ^ Z? in G, and join 72 F. Then RG ^ ^/RF^ -- FG*^ 

yR* — 6», and RN= RG — NG ^RG — DF Substituting the 
value of RG and that of DF found above, we have 



jRJV = yi2« — 6« - ^H^ - i c' 
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Bj these formula the ordinates in Table I. are calculated. 

The other ordinates may also be found from the middle ordinato by 
the following shorter, but not strictly exact method It is founded ou 
the supposition, that, if the half-chord BDhe divided into any number 
of equal parts, the ordinates at these points will divide the arcE B into 
the same number of equal parts, and upon the further supposition, that 
the tangents of small angles are proportional to the angles themselves. 
These suppositions give rise to no material error in finding the ordi- 
nates of railroad curves for chords not exceeding 100 feet. Making, 
for example, four divisions of the chord on each side of the centre, and 
joining AR, AS, and -4 T, we have the angle RAN^^iEAD, 
since RB is considered equal to %E B. But E AD ^ i AFE. 
Therefore, R A N= iAFE. In the same way we should find SAQ 
= i ^ FE, &ndTAP = iA FE. We have then for the ordinates, 
RN^ANXAn.RAN=lci2iXi.lAFE,SO^AOt0in,SAO^ 
IcUiii, iA FE, and TP = AP tan. TAP^lc tan. ^A FE. 
But, by the second supposition, tan. | A FE — | tan. J A FE^ 
tan. iAFE^^ta.n.^A FE, and tan. \AFE=^\ tan. \ A FE. 
Substituting these values, and recollecting that } c tan. ^ A FE ^ m^ 
we have 

,S = I X i c tan. J ^ FJE: = 1 7/1, 

rP = ^ X J c tan. J A FE = ^ m. 

In general, if the number of divisions of the chord on each side of 
die centre is represented by n, wo should find for the respective ordi- 

^ ... ^ , ^ (n + l)(n — l)m (n+2)(n — 2)m 
nates, beginning nearest the centre, ^^2 , ^2 » 

>»-f 8)(n-3)m . 

Example Find the ordinates of an 8° curve to a chord of 100 feet 
Here TO = 50 tan. 2°= 1.746, RN== ig »» = 1-637, SO=\m^ 1.310, 
and TP = ^m = 0.764. 

26. An approximate value ot m «^so tcv^."^ \k^ OaXscetNft.^ ^xo^a.-^^ Vst- 
mala m^R-^ ^i?— 4c». ThVa \a ^wv^>ai ^.^^^^^'^^ '^'^ vq^s^ 
under the radical the rery smaW txwiWoTL ^ ^ -» t«^sS«N^^ 
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square, the root of which will be 72 — g-^ . We have, thtin, /i; » /i 



-(^-84)> 






8ie 
27. From this value of m we see that the middle ordinates of 'juiv 

m 

two chords in the same curve are to each other nearly as the squiires 
of the chords. If, then, A E (fig. 4) be considered equal to ^ ^ ^. its 
middle ordinate C 11 =^ \E D, Intermediate points on a curve may^ 
therefore, bo very readily obtained, and generally with suflScient accu- 
racy, in the following manner. Stretch a cord from A to B^ and by 
means of the middle ordinate determine the point E, Then stretch 
the cord from Ato E^ and lay off the middle ordinate C H = i -^ A 
thus determining the point C, and so continue to lay off from the suc- 
cessive half-chords one fourth the preceding ordinate, until a sufficient 
number of points is obtained. 

D. Curving Hails. 

S8. The rails of a curve are usually curved before they arc laid. To 
do this properly, it is necessary to know the middle ordinate of the 
curve for a chord of the length of a rail. 

29. Prol^lcm* Given the radius or deflection angle of a curve, to 
find the middle ordincUefor curving a rail of given length. 
Solution. Denote the length of the rail by /, and we have (§ 2b) 

the exact formula m = R — ^R* — IP, and (§ 26) the approximate 
formula 

This formula is always near enough for chords of the length of a rail 

« 60 , 

If we substitute for R its value (\ 10) R = ^-^ w« bave, 

^100 

^■ftim/?/e. In al° curve find the ordinate for a raW ot \^ ^t^x. "» 
l«*. -Se/v ^ 18 found by Table I. to be 5729 .G&, axv^i Wvwell^xt 
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by the first formula, m = xi^\^ = .00707. By the second formula, 

n s» .81 sin. 30' =3 .00707. The exact formula would give the same 
result even to the fifth decimal. 

By keeping in mind, that the ordinate for a rail of 18 feet in a 1° 
cunre is .007, the corresponding ordinate in a curve of any other de- 
gree may be found with sufiicient accuracy, by multiplying this deci* 
Kial by the number expressing the degree of the curve. Thus, for a 
curve of 5° 36' or 5.6° the ordinate would be .007 X 5-6 = .039 ft. = 
468 in. 

for a rail of 20 feet we have i /* = 100, and, consequently, m =■ 
sin. D. This gives for a 1° curve, m = .0087. The corresponding or 
dinate in a curve of any other degree may be found with sufficient 
accuracy, by multiplying this decimal by the number expressing the 
degree of the curve. 

By the above formula for m, the ordinates for curving rails in Table 
I. are calculated. 



Abticlb II. — Kbyebsed and Compound Cubyes. 

30. Two curves often succeed each other having a common tangent 
at the point of junction. If the curves lie on opposite sides of the com- 
mon tangent, they form a reversed curve, and their radii may be tho 
.^amc or different. If they lie on the same side of the common tangent, 




they have different radii, aivd form «i oomipout^ csff^^^ 
(^g- 5) is a reversed curve, and A B D «l coTtt^^^^:^^ cox^^- 
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SI. Problem* To hy out a reversed or a compound cuidc^ wka\ 
(he radii or deflection angles and the tangent points are hnotvn. 

Solution, Lay out the first portion of the curve from A to B ^fig. 5\ 
by one of the usual methods. Find B F^ the tangent to ^ £, at the 
point B (§ 16 or ^ 21). Then B F will be the tangent also of the sec- 
ond portion B Cofa. reversed, or Z? Z) of a compound curve, and fh>ro 
this tangent cither of these portions may be laid off in the usual mni)- 
ner. 

A. Reversed Curves 

32 TllCOrcm* The reversing point of a reversed curve betioom 
varaUel tangents is in the line joining the tangent points. 




Demonstration, Let A CB (fig. 6) be a reversed curve, uniting tlie 
parallel tangents 11 A and B K, having its radii equal or unequal, and 
reversing at C. If now the chords A C and CB are drawn, we have 
to prove that these chords are in the same straight line. The radii 
E C and C F^ being perpendicular to the common tangent at C (§ 2, 1.), 
are in the same straight line, and the radii A E and B F, being per- 
pendicular to the parallel tangents HA and BKjtLre parallel. There- 
fore, the angle AE C= CFB^ and, consequently, EC A, the half 
supplement o^AEC, is equal to FCBj the half supplement of CFB ; 
but these angles cannot be equal, unless A C and CB are in the same 
straight line. 

33. Problem* Given the perpendicular distance between tvx) par- 
allel tangents BD — h {fig. 6), and the distance between the two tangent 
/wJ7/»^ ^= a, to determine the reversing point C and the common rodxHA 
^C^= C^=s Ji of a reversed curve uniting (he tangents H A and B K. 
' V/^>7. Zet ACB be th^ required curve. Sitvc^ tVv^ ^^vi w^ 
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equal, and the angle -4 £ C = BFC,itie tnangles A E C vad B F C 
are equal, and AC ^ CB =s ^a, Tfie reverting point C iSy therefore^ 
the middle point of AB, 

To find 72, draw /? G perpendicular to ^ C Then the right tri- 
angles AEG and B A D axe similar, since (§ 2, III.) the angle 
BAD^^AEC=^AEG. Therefore AE . AG^ABi BD, 
or R\ \a ^ a:b\ 

4 6 

Corollary* K R and 6 are given, to find a, the equation /2 ~ ^-^ 
^ives a* s= 4 y? 6 ; 



.'.a 



2^Rb. 



/e = 



Eramples. Given 6 » 12, and a — 200, to determine 72. Ucre 

BQOa __ 10000 
4 X 12 — 12 ^ ^^»- 

Given R = 675, and 6 = 12, to find a. Here a « 2^675 X 12 — 
2^8100 « 2 X 90 = 180. 

34. Problem* Given tfie perpendicular distance between two par' 
atlel tangents BD=^b {fig. 7), the distance between the two tangent points 
AB ^ a, and Vie first radius E C ^ Rof a reversed curve uniting tlte 
tangents HA and BK,to find the chords A C ^ a* and CB = a", and 
the second radius CF = RK 




Soluthn, DrawthepetpeivdlcuVMft EQwAriK "^'^'^^^^^ 
triangles -4 BZ> and E A G axo «vm\\«x, «vs^^ "^^ ^^"^^ 
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hAEC '^ AEG Therefore ABiBD^ EAiAG, ot a : b 

a 

Since a' and a" are (§ 32) parts of a, we have 

a'f ss a — a'. 



To find R' the similar triangles ABD and FB L give AB: BD 
^ FB I B L,or a : b ^ R' ' i a' ', 

a a" 

Example. Given 6 = 8, o = 160, and R = 900, to find a', a", and 
Rf. Here a' = ^^^^^ « 90, a" = 160 — 90 = 70, and Rf « 

85. Corollary !• If 6, a', and a" are given, to find a, i2, and i^» 

we have (^ 34) 

aa' . n, a a 



^ 26 26 



• 



Example, Given 6 a 8, a =90, and a" « 70, to find a, R, and ^ 

rr ^« . »,.^ ,^.> T> 160X90 „^^ _ „, 160X70 

^ Here a = 90 + 70 =» 160, 72 = -g ^ g = 900, and 72' = g^g = 

700. 

36. Corollary 2. If /2, 72', and b are given, to find a, a', and a ', 

aa'-i-aa" a (a' + a") a> 
wo have (§ 35), 72 + 72' =» - g 6 — ~ — 2b — ^ 26 ' Thercfoiio 

:*»== 26(72 + 72'); 
I^- • . a = ^26(72 + 720 

Having fonnd a, we have (§ 34) 

a a 

Example. Given 72 = 900, 72' = 700, and 6 = 8, to find a, a', and 
i^ < .fi^/-^ a = ^2 X 8(900 + 700) = ^^^ X ^^00 « \^^, a> ^ 
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37. Problem* Given the angle A KB ^ K^ uhkh nhwos tfm 
change of direction of two tangents HA and B K (Jig. 8), to units Meats 
tangents by a recersed curve of given common radius /2, starting ^firom a giv' 
m tangent point A. 




B K 

Fig 8 

Solution. With the given radius run the curve to the jtoirU. /), where the 
tangent D N becomes parallel to BK. The point D is found thus. Since 
the angle N G K, which is doable the angle 27^ Z> (^ 2, IF.), is to be 
made equal to .4 iTB = iT, lay off from HA the angle liA D= iK 
Measure in the direction thus found the chord AD ^ 2 It sin. j| R. 
This \^ill be shown (§ 69) to be the length of the chord for a deflection 
angle J K. Having found the point Z), measure the perpendicular dis 
tance D M = b between the paralld tangents. 

The distance DB = 2DC =^ a may then be obtained from the for- 
mula (4 33, Cor.) 

^* a=x2y7r6. 

The second tangent point B and the reversing point Care now de 
termined. The direction of Z> JB or the angle B VNmay also be ob 

taincd ; for sin. BDN= sin. DBM = -j^, or 

ISr sin. BDN^^. 

a 

38. Problem. Given tJie line AB = a (Jig. 9), which joins the 
fixed tangent points A and B, the angles HA B = A and A B L ^ B, 
and the first radius AE =^ R^to find the second rjdius (i F = Wofa 
reversed curve to unite the tangents fT A and B K, 

JFllrst Solution. With the given radius twx iVe. turtiv. v» ^^ ■^•^^^^ 
tMere the tangent D N hecomts parallel to B K. ''^'^^ v^v^"^"^ ^^ 
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thus. Since the angle HGN, which is doable HAD (§ 2, II.), ii; 
equal to -4 CO iJ, lay off from UA the angle HA D^ ^{A<^B)^ and 
measure in this direction the chord AD =^2R sin. } (Ago J5) (§ 69) 

iP 

Fig. 9. 




ixtting the instrument at Z), run the curve to the reversing poird Cm the 
line from Dto D {\ 32), and measure D C and CB Theu the similar 
triangles Z>jEC7 and B F C giYQ D C: DE ^ CB.BF, or DC-R 
= CB'R'i 

S^ .\R'r^£^XR. 

Second Solution. By this method the second radius may he found 
by calculation alone. The figure being drawn as above, we have, in 
the triangle ABD, AB=^a, AD = 2R sin. i{A — B), and the 
included angle DAB ^ EAB ^ HAD = A-'^{A — B)== 
i (^ + B). Find in this triangle (Tab. X. 14 and 12) BD and the 
angle ABD. Find also the angle DBL=^B + ABD. 

Then the chord C J3 = 2 72' sin. iBFC-=^2R' sin. DBL, and 
the chord DC=2R sin. iDEC= 2/2 sin. DBL (§ 69). But 
CB ^^ BD — DC; whence 2 72' sin. DBL^BD — 2R Bin 
DBL, 

BD 



.72'== 



2 8in. Z>7JZ 



— 72. 



TP^e/2 tho point D falls on the other side of A, tiva.1 \B,^)cicr 
'7^0 ^13 greater than A, the solution is the same, C7ic«p^ VSax 
** '^^^U then 18€P^ i(A + B), and the angle D B I- - 
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89. Problem* Given the length of the common tangent D G sa a^ 
and the angles of intersection land P {Jig. 10), to determine the common 
radiuj CE « CF ^ R of a reversed curve to unite the tangents HA 
ana B L 




Sduiton, Bj §4 we hare Z) C » 72 tan. J /, and CG^Rtan. i f * 
whence R (tan. J/+ tan. J T)— Z)C+CG — a, or 

R 



tan. J/+ tan. |/' 
This formula may be adapted to calculation by logarithms ', for wo 

have (Tab. X. 85) tan. J / + tan. J i' = ^TH^^T^' Substituting 
fliis value, we get 

^9» Jl ^O COS. J I COS. JP 

"linTj^/Trrr 
The tangent points A and B are obtained by measuring from D a 
Uutance AD =s R tan. } 7, and from G a distance B G ^ R tan. J T 

Example. Given a = 600, 2 = ] 2®, and JP = 8®, to find iJ. Here 

a »= 600 2.778151 

J 7 =» C° COS. 9.997614 

J r = 4° COS. 9.998941 
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40. Problem. Given the line AB^a (Jig. 10), which joins /As 
fixed tangent points A and By the angU DA B ^ A, and the angle 
AB G ^ Byto findthecommm radius E C -^ C F -^ R of a reversed 
curve to unite the tangents HA and B L» 



Fig. la 




Solution. Find first the auxiliary angle A KE sa B KF^ which may 
be denoted by K» For this purpose the triangle AE K gives AEiE K 
«= oin. K : sin. EAK. Therefore E K sin. K^ AE sin. EAK = 
R COS. A, since E AK = 90® — A, In like manner, the triangle 
BFK gives FK sin. K^BF sin. FBK = R cos. B, Adding 
these equations, we have {EK'\- FK) 8m.K= R (cos, A -f- cos. B)^ 
or, since E K + FK = 2 72, 2 22 sin. K ^ R (cos. A -f- cos. B) 
Therefore, sin. iC = J (cos. A + cos. B), For calculation by loga- 
rithms, this becomes (Tab. X 28) 

tW sin. K^ COS. ^{A-\- B) cos. } {A — B). 

Having found K, we have the angle AEK^ E ^ 18CP ^ K — 
EAK= 180^ — J5l — (90° — ^) = 90° + ^ — ^, and the angle 
BFK= F= IS(P—K—FBK= 180° —iT— (90° — ii) = 90^ 
-{- B — K Moreover, the triangle A E K gives AE : A K =» 
sin. X^: shi. jEJ,or 72 sin. J5?= il^sin. K and the triangle JBJPiT gives 
BF:BK= sin. K : sin. Fj or R sin. F = B K sin. K. Adding these 
eaaati'onSf we hare R (sin. E + sin. F) = (A K -\- B K?\ «vu. K = 
fe A". Substituting for sin. ^ 4- sin. F its vaUe. ^ s\tv. W^ -V F\ 
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eoa, i (E — F) (Tab. X. 26), we have 2 11 ain, i {£ + F) coa, 

J(i;-./)=asin.ir. Therefore i2 = ,i^^(^^-j^^„j^^_jpj. Fi- 
nally, substituting for E its value 9(P + A — K, and for F its value 
^(f> + B-'K,wegetiiE + F)^9CP'-[K—i{A + B)l and 
i (£ — /O = J (^ — Z?) ; whence 



COS. [iT— J (^ + ^)] COS. i(A-^D) 

Examine. Given a «:1500, ^ « 18°, and ii = 6» to find /?. Here 
^ (A + 13)^1^ COS. 9.990404 

i (^ — 2i) = 6*> COS. 9.997614 

K = 76° 36' 10' sin. 9.988018 

i a — 750 2.875061 



if — J (^ + B) — 640 36' 10 COS. 9.632347 
J (-4 — J3) — 6» COS. 9.997614 



2.863079 



9.629961 



R B 171048 3.233118 



B. Compound Curves, 

41. Tlieorem* If one branch of a compound curw be produced, 
untU the tangent at its extremity is parallel to the tangent at the extremity 
of the second branchy the common tangent point of the two arcs is in the 
straight line produced, which passes through the tangent points of these par- 
allel tangents. 

Demonstration. Let A CB (fig. 11) be a compound curve, uniting 
the tangents HA and££ The radii CjE and (7 i^, being perpen- 
dicular to the common tangent at C (§ 2, 1.), are in the same straight 
line. Continue the curve .4 C to D, where its tangent D becomes 
parallel to BK, and consequently the radius DE parallel to B F, 
Then if the chords CD and CBhe drawn, we have the angle CED 
=» CFB ; whence E CD, the half-supplement of C E D, is equal to 
F CB, the half-supplement of CF B. ^xjA. E G D ^-kk^'cn.n^ ^'ss^s^^r^ 
FOB, unless CD coincides V\t]tv CB. 'IV^x^'lwcfe ^^e^Xx^^^^^ "^ 
daced passes throogh the common Xw^^ctiX ^ove*. G- 
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42. Problem* To find a limit in one direction ofecuA radius of a. 

compound curve. 




Solution, Let Al and B 1 (fig, 11) be the tangents of the curvo 
Through the intersection point 7, draw IM bisecting the angle A IB. 
Draw A L and B M perpendicular respectively to A /and B /, meet- 
ing 7 i/ in Z and M, Then the radius of the branch commencing on 
the shorter tangent A 1 must be less than A Z, and the radius of the 
branch commencing on the longer tangent B I must be grecOer than 
BM. For suppose the shorter radius to be made equal Xa AL, and 
make IN ^ A Ij and join L N. Then the equal triangles A IL and 
NIL give A L ^=^ LN\ so that the curve, if continued, will pass 
through i\r, where its tangent will coincide with IN. Then (§ 41) the 
common tangent point would be the intersection of the straight line 
through B and iVwith the first curve; but in this case there can be no 
intersection, and therefore no common tangent point Suppose next 
iAae this radius is ffrecUer than A Z, and coutinuQ tVie cuT\e,\«L^\Xa 
WDt becomcB parallel to BI. In this case the eittremKVy ot <Sci^ 
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curve will fall outside the tangent Blmthe line A iV produced, and a 
straight line through B and this extremity will again fail to intersect 
the curve already drawn As no common tangent point can be found 
when this radius is taken equal to J. Z or greater than A L^ no com- 
pound curve is possible. This radius must, therefore, be less than A L, 
In a similar manner it might be shown, that the radius of the other 
branch of the curve must be greater than B J/. If we suppose the tan- 
gents A I and B I and the intersection angle / to be known, we have 
{^ 5) AL=^ AI cot J /, and BM ^ BI cot J /. These values are 
therefore, the limits of the radii in one direction. 

43. If nothing were given but the position of the tangents and the 
tangent points, it is evident that an indefinite number of difierent com- 
pound curves might connect the tangent points; for the shorter radius 
might be taken of any length less than the limit found above, and a 
corresponding value for the greater could be found. Some other con- 
dition must, therefore, be introduced, as is done in the following 
problems 

44. Problem* Given the line A B == a {Jig, 11), which Joins tka 
fixed tangent points A and B^ the angle BA I ^=i A^the angle AB I ^s 
iB, and tliejirst radius AE =^ R^ tojind the second radius B F = R' of 
% compound curve to unite the tangents HA and B K, 

Solution. Suppose the first curve to be run with the given radius 
fi*om A to Dj where its tangen^ D becomes parallel to £ /, and 
the angle IAD =^ ^ (A + B), Then (§41) the common tangent 
point C is in the line B D produced, and the chord CB = CD + 
B D, Now in the triangle ABD we have AB =^a^ AD ^ 2/2 
sin. \{A-\'B) (§ 69), and the included angle DAB = lAB — 
IAD ^ A^\{A Jr ^) ^\{A — B), Find in this triangle 
(Tab. X. 14 and 12) the angle ABD and the side B D, Find also the 
angle CBI^ B — ABD, 

Then (§ 69) the chord CB^2W sin. CBl, and the chord CD *> 
S 72 sin. CD0^2R sin. CBL Substituting these values of CB 
and CD in the equation found above, CB = CD + B D^ we have 
%R' sin. CBI^2R sin. CBI+BD; 

^r ..22/::= 72-1-^^ 

2 sin. CEl 

When the angle B is greater Vh«a A,^^\.N&>^V«^'^^^'^'^^^ 
a given, the solution is the sam^, «i:K.^i«^X ^^^. '^^ vsyj^j,^ 

.a 
1 
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i {D — A)^ and CBIis found by snbtracting the supplement otABD 
from B, We shall also find CB = CD — BD, and conBeqaoDtly 

^ ^ 28ln. CBI* 

If more convenient, the point D may be determined in the field, by 
laying off the angle 7^ /> = J ( J. + jB), and measuring the distance 
AD = 2 R sin. ^ (A -\- B). BD and CB I m&y then be measured, 
instead of being calculated as above. 

Example. Given a = 950, ^ = 8°, Z? = 7°, and 72 = 3000, to find 
R'. Here AD = 2X 3000 sin. J (8° -f 7°) = 783.16, and DAJB'^ 
i (8° — 7°) « 30'. Then to hndABD we have 

AB — AD ^166.S4 2.22230U 

HADB + ABD)^ 89^ 45' tan. 2.3601 80 

4.582480 
AB-i-AD=^l 733.1 6 3.238830 

iiADB — ABD) = 87« 24' 17" tan. 1.343641 
r.ABD = 2*' 20' 43" 



Next, to find fi Z), 



^Z)= 783.16 2.893849 

/) ^ Z? = 30' sin. 7.94084^ 



0.834691 
ABD ^^20^ 43" sin. 8.611948 



BD^ 167.01 2.222743 

/? — .4 Z? Z> =. C5 i = 4° 39' 1 7" sin. 8.909292 



2 (72' — i?) = 2058.03 8.313451 

. . 72' — 72 = 1029.01 
. 72' = 3000 + 1029.01 = 4029.01 

To find the central angle of each branch, we have CFB = 2CBI 
as 9° 18' 34", which is the central angle of the second branch; mi\l 
AEC^AED--CED^A+B'-2CBI^5''AV 26", which 
is the central angle of the first branch. 

45. Problem. Given (Jig. 11) the tangents AI= T,Bl=^ T', 
the angle of intersection =s 7; and the first radius AE = R^ to find the 
second radius BF == 72'. 

^*i^u//0n. Suppose the Brst carve to be nrn witYi t\ve gvyen "w^^Voa 
^ ^, where its tangent D becomes parallel to B I. TYowk^ 
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D draw B P parallel to AI, and we have IP ^DO ^ AO^ 
Z2 tan. } /(M)- Then in the triangle DPB we have DP ^10^ 
Al — AO^ T—Rt&n.il.BP^ BI—IP^Tf—Rtan.il, 
and the included angle DPB^^ AIB = 180*^ — /. Hnd in this tri- 
angle Uie angle CBI, and the side BD» The remainder of the solution 
IS the same as in § 44. The determination of the point Din the field 
is also the same, the angle IAD being here = } Z. When B is 
greater than A^ that is, when the greater radins is given, the solution is 
the same, except that D P =^ R tan. J 7 — T, and B P ^ R tan. J 2 

— T'. 

Example. Given T = 447.32, T * = 510.84, i = 15®, and R = SOOO, 
to find R', Here 22 tan. J 7 = 3000 tan. 7^^ = 394.96, DP^ 447.35* 

— 394.96 = 52.36, jBP =• 510.84 — 394.96 = 115.88, and DPB « 
180^ — 15° « 165°. Then (Tab. X. 14 and 12) 

BP — DP^ 63.52 1.602910 

i (BDP + PBD) « 7° 30' tan. 9.119429 



BP + DP= 168.24 


0.922339 
2.225929 


HBDP — PBD) ==2° 50' 44" 
• P57>=« C7?7=4°39'16" 

Next, to find B A 

Z)P=» 52.36 

7)PB=150 

• 


tan. 8.696410 

1.719000 
sin. 9.412996 


PiBZ) = 4«>39'16" 


1.131996 
sin. 8.909266 



7?Z>= 167.005 2.222730 

The tangents in this example were calculated from the example iu 
f 44. The values of CBI and B D here found differ slightly from 
those obtained before. In general, the triangle DBP is of better 
form for accurate calculation than the triangle ADB. 

46. If no circumstance determines either of the radii, the condition 
may be introduced, that the common tangent shall be parallel to the 
line joining the tangent points. 

Problem. Given the lint A B = a Vfis- '^'^^ >k^>J^ >wv>x<w. 'i^*^ 
Jlret/ tanffent points A and B, the angle 1 /lB =- i^^ «*^^ '^ "^^^^ 
ABI^B, to find the radii A E = B. and B^ -- 1^^ ^S ^'^"" 
curve, having the common tangent D G paToXUl \o A B- 
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Solution, Let A C and £ C be the two braoches of the required 
cnnre, aad draw the chords A Cand B C, These chords bisect the 




angles A and B; for the angle D^ C ^ ^ /£> G » ^ /A A a^d ihe 
angle GBC^ iDGl = iABL Then in the triangle il CiB we 
have AC:AB=^ sin. ^ Z? C : sin. ^ CB, But ACB= 180° — 
{CA B+CBA) ^ 180° — t (A + B), and as the sine of the sup- 
plement of an angle is the same as the sine of the angle itself, 
sin. A CB = sin. J (^ -j- -S)* Therefore A C:a = sin. J B : sin. 

J (^ + B)y or A C =s sin iiA-i- B) ' ^ ^ similar manner we should 
Now we hare (§ 68) R = ^ . ^ , and 



and 2? C = 



iBC 



Bin. ^(A + B)' 



R' «= g^^^ . J , or, substituting the values of -4 Cand B C just found. 



P ^ a sin. ^ jB « 

s Ji. J A sin. J ( A -|- JB) ' 



j^ a sin. ^ A 



sin. ^ Z^ sin. ^ (A -|- 2^) 



^jnnt/f/A Given a = 950, A = 8° and B « 1^,10 ftn^i R «a> 
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^ a « 475 2.676ri94 

J i? « 3» aC din. 8.786675 

UC2d69 
iA=:4:^ sin. 8.843585 

HA+B)^7^ 30' sin. 9.115698 

7.959283 



R = 3184.83 3.503086 

Transposing these same logarithms according to the formula for R 
ivc liave 

J o = 475 £.676694 

i -4 = 4° sin. 8.843585 



1.520279 



J Z? = 3® 30 sin. 8.785675 
i M 4- D)= 7° 30 sin. 9.115698 



7.901373 



R » 4158.21 3.618906 

47. Problem* Given the line A B = a (Jig, 12;, which unites the 
,/ixed tangent points A and B, and the tangents AI ==: T and B I = 7"', 
tojind the tangents AD ^== x and B G ^ y of the two branches of a com- 
pound curve, having its common tangent D G parallel to A B. 

Solution. Since D C =: AD =^ x^ and C G — B G =» y^ we have 
D G = X -\- y. Then the similar triangles ID G and lAB give 
ID : I A ^ D G I A B, or T — X ' T ^ X + y : a. Therefore 
aT — ax = Tx -\- Ty (1). Also 4 D : AI =^ B G : B I, or 
xiT^yiT', Therefore Ty = T^r (2). Substituting in (1) the 
value of Ty in (2), we have a T—ax = Tx + 2''x, or a x + Top + 
T'x^aT\ 

a+T+T'' 
fund, since from (2), y =* -jr , 



The intersection points Z> and G wv^ ^<ft ^^Tsvcckss^ \»aMg2cX -sjrns^-^ 
are now easilj obtained on t\\e gtoxxTvOi, axA ^^ x«.^\!»^^"»^^^'^^^^^ 
the usual methods. Or, if t\\e aT\^\e^ I A B ^ ^ «^^ ^ ^ 

\ 



so 
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have been measured or calculated, we have (^ h) R ^ x cot ^ A, and 
/2' Bs y cot } B. Substituting the values of x and y found ubove, we 



have 22 



Example. Given a = 500, T ^ 250, and T' = 290, to find x and y 
Here a -f T + T' = 500 + 250 + 290 = 1040 ; whence x = 500 X 
250 -4- 1040 = 120.19, andy = 500 X 290 -f- 1040 — 139.42. 

48. Problem. Given the tangents Al ^ T, B 1 =T\ atia Uit. 
angle of intersection /, to unite the tangent points A and B (Jig, 13) Oy a 
compoutid curve, on condition that tite tun branches shall have their angles 
qfirOcrsection IDG and I GD equal. 



Fig 13. 




Solution. Since IDG=^lGD = Hwe have 1 D ^ 1 G. Rep 
fesent the line I JU =^ 1 G by x. Then if the perpendicular IHhe lei 

* Tho radii of an oval of given lengtli and breadth, or of u ihree-centro aroh of given 
span and riae, may also be found trom tliese formulss. In these cases A-^ B^ 90^, 

al 



aud the valuoe of R and R* may be reduced to R^ 



and K 






o 4- r' — r 

j^ . Tbcee raJaee admit of an easy conntmetion, or thisy in&7 'be 'tc&«l>\^ 
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CaU from /, we have (Tab. X. U) D H ^ ID cos. lDG=^x cos. Ji, 
suid/)^ = 2xcos. J/. HvLt DG=- DC'\- CG^AD'\-BG=' 
T— x+ r/— ar« T-f- T' — 2x. Therefore 2 x cos. J i = 
r + T' — 2 a:, or 2 r 4- 2 ar COS. J / =« T + T' ; whence x = 

I V^' «"• (Tab. X 25) 

COS.* 1 7 

The tangents AD ^ T — x and B G = T' — x are now readily 
found. With these and the known angles of intersection, the radii oi 
deflection angles maj be found (^ 5 or § 11). This method answers 
very well, when the given tangents are nearly equal ; but in general 
the preceding method is preferable. 

Example. Given T = 480, T =-• 500, and / = 18®. to find x. HePC 

i (r-f T') = 245 2.389166 

i / = 4® 30' 2 cos. 9.997318 

X == 246.52 2.391848 

Then -4 D = 480 — 246.52 = 233.48, and i? G = 500 — 246.52 « 
253.48. The angle of intersection for both branches of the curve being 
9S we find the radii AE =^ 233.48 cot. 4° 30' ^ 2966.65, and DF^ 
2.')3.48 cot 4° 30' = 3220.77. 



Abticle III. — Turnouts and Cbossings. 

49. The usual mode of turning off from a main track is by switch- 
ing a pair of rails in the main track, and putting in a turnout curve 
tangent to the switched rails, with a frog placed where the outer rail 
of the turnout crosses the rail of the main track. A B (fig. 14) repre- 
sents one of the rails of the main track switched, Misrepresents the 
outer rail of the turnout curve, tangent to A By and F shows the posi- 
tion of the frog. The switch angle, denoted by S, is the angle DAB^ 
formed by the switched rail A B with A'D^ its former position in the 
main track. The frog angle, denoted by F^ is the angle GFM made 
by the crossing rails, the direction of the turnout rail at F being the 
tangent FM a.t that point. In the problem^a oC t\\.\a '^cecvs^&'^jssft. 'ijgsasj?^ 
of the track D C, denoted by g^wviai ^e^ ^ve»\»x^^^ V)^^^^^'3»\s^>s«^^ 
are supposed to be known. T\i^ ^V\x«)q. w^^^ SS&^%^ ^^oL^ 
be known, since its sine ITab.XA^ Va ^c^wt\\.o deCvs\^^^ ^ 



w 
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of the switched rail. If, for example, the rail is 18 feet in length and 
(i = .42, we have 5 =» 1° 20' 



A. Turnout from Straight Lines. 

50. Pro'blcill* Given the radius R of the cerdre line of a turnout 
{Jig. 14), to find the frog anqle GFM =^ F and the chord B F. 




Fig 14. 



Solution. Through the centre E draw E K paralle) to the maiu 
track. Draw B H and FK perpendicular to E K^ and join B^F» 
Then, since E Fia perpendicular to FM and /"'/T is perpendicular to 
FG, the ax\s\eEFK= GFM = F) and since EB and B H arc 
respectively perpendicular to A3 and A D, the angle EBH=^DAB 

FK 

= S. Now the tK-iacgle E 2^ iC gives (Tab. X. 2) cos EFK^ g-^- 

But E F, the radius of the outer rail, is equal to 72 + i ^> and 
FK=^ CH^BH—BC^BE cos. E B H — B C ^ ^R + i g) 
COS. S — (g — d). Substituting these values, we haie cos. E FK «« 



R + U 



or 



cos. f — COS. S — -I . - 



F^om this fotmula FmBj bo found by the taUo ot iMitQXtl co^ii^ 
' adapt it to calculation by logarithms, we may consVdet g — d Ui \i^ 
' ^Cs^--d)co8, S, which wm lead to no matenal cnoT «vtxo« 
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f — (/is very small, and cos. S almost equal to anity. The value of 
ca^ F then becomes 
IF- cos. F = (J^-h9-¥d)cos,S 

To find BF, the right triangle B CF gives (Tab. X.d) BF ^ 

^^ J g . But ^ C = ^r — rf and the angle BFC «=- BFM; — 

CFE = (90° — } BEF) — (90P — F) = F— J B^F. But 
BEF^ BLF ^EBL = F-5. Therefore jB /* C7 « >* ~ 
^iF— S) = ^(F'\- S), Substituting these values in tlio fonnola 
for B iP, we have 



CF" BF 



9-d 



sin. i{F^ S) 



By the above formulse the columns headed FbxhSl BFm Tablj V 
are calculated. 

Example. Given g ^ 4.7, d » .42, S ^ 1° 20^ and B » 50i, ro 
find Fand B F. Here nat. cos. S = .999729, g-^d^ 4.28, iJ -f- i .9 
« 502.35, and 4.28 -!- 502.35 » .008520. Therefoi-e nat cos. /' «« 
.999729 — .008520 « .991209, which gives jP = 7® 36' 10". Next, Do 
find B F, 

g-~~d^ 4.28 0.631444 

J (F + 5) = 4*> 28' 5" sin. 8.891555 

Z?F=. 54.94 1.739839 

51. Problem. Giuen the frog angle GFM « F (Jig. U\ Ui 
find the raditu R of the centre line of a turnout, and the chord B F. 

Solution, From the preceding solution we have cos. /* » 
( R+tg)eo^s-(g-d) ^ Therefore (72 + J,) COS. f'»(« + ii,> 

COS. i5— (g '^d),ot 

g-d 



R + i9 



COS. tS — cos. F 
For calculation by logarithms this becomes (Tab. X. 20) 

^ /?_Lio« i (9 — d) 

^^^ Bm.HF+S)Em.i(F—S)' 

Having thus found /2 -|- J g^ we ^ivd. R Vj wjJq.Xx^r.'wnj^X^* '^^ "^ 
foandf as in the preceding problem,\>7 iS^^ ioTCCL\i^ak 

PS^ n r g— ^ 
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Exatnfiie Given g « 4.7, d = .42, 5 =» 1° 20', and F « 7^ to find 
R. Here 

J(^ — c?) = 2.14 0.S30411 

J (/'+ 5) = 4° 10' sin. 8.861283 
i ( F -- 6') = 2° 50* sin. 8.693998 

7.555281 



/2 4- J ^ = 695.85 2 775133 

.• /2 = 693.5 

52. Problem* To find mechanically the proper position of a given 
frog. 

Sdution. Denote the length of the switch rail by /, the length of the 
frog ^7 /> ^"^ *^ width by w. From i5 as a centre with a radius 
BII = 2/, describe on the ground an arc G H K {fig, 15), and from 
the inside of the rail at G measure ^2/ = 2 d, and fiom H measure 
HK such that HK: B H ^ i w:y,or £iK:2l = ^ w: /', that is, 

to I 

BK =^ y . Then a straight line through B and the point K will 
strike tho inside of the other rail at F, the place for the point of the 




frog. For the angle 12 B Khas been made equal to J F, and if B M 
be drawn parallel to the main track, the angle M B H is seen to be 
equal to J 5. Therefore, MBK=BFC = J (F-f- 5'), and this 
was shown (§ 50) to be the true value of B F C, 

53. If the turnout is to reverse, and become parallel to the main 

track, the problems on reversed curves already given will in general 

be sufficient. Thus, if the tangent points of the required curve are 

fixed, the common radius may be found by § 40. If the tangent point 

^/ r^e switch is fixed, and the common radius gWeiv, l\vft t^Net^Vev^ 

yo/ni and the other tangent point may be found "by ^ ST, t\\ft t\iwvs.i 

?//b/? of the two tangents being here equal to S. But ^\\e.xv \^^ 
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frog angle is given, or determined from a given first radius, and the 
point of the frog is taken as the reversing point, the radius of the sec- 
ond portion may be found by the following method. -\ 

54. ProMem* Given the frog angle Fand the distance HB => b 
(jig, 16) between the main track and a turnout^ to find the radius R' of the 
second branch of the turnout^ the reversing point being taken opposite F^ the 
point of the frog. 



Fig. 16. 




Soivtiont Let the arc FB be the inner rail of the second branch, 
FG —W — J ^ its radius, and B the tangent point where the tuniout 
becomes parallel to the main track. Now since the tangent FK is ono 
side of the frog produced, the angle HFK = F, and since the angle 
of intersection sAKia also equal to -F, BFK=^ J- /'(§ 2, II.) ; whenco 

BFH^iF Then(§ 68)FG = ^^4|^,or72'- J5r = 
^^^^BF=^^-^iTah,X.9),oviBF^^, Sub 
fltituting this value of^BF, we have 

In measuring tho distance H B = b.Vt V^ X.o ^^ ^'^^x^^^'^'^ 
wfifth^ of both rails ninat. he mcAtiacd. 
2 
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example. Given 6 = 6.2 and F = 8°, to find R'. Here 

^ 6 » 3.1 0.49136S 

J F = 4° sin. 8.843585 

4BF=44.44 1.647777 

^ F » 4"" sin. 8.843585 

/v — )^ » 637.08 2.804192 

, • . /? = 639.43 

B. Crossings on Straigid Lines. 

55. When a turnout enters a parallel main track by a second switch, 
it becomes a crossing. As the switch angle is the same on both tracks, 
a crossing on a straight line is a reversed curve between parallel tan- 
gents. Let HDtLtid NK (fig. 17) be the centre lines of two parallel 
tracks, and HA and B K the direction of the switched rails. If now 
the tangent points A and B are fixed, the distance AB = a may be 
measured, and also the perpendicular distance B P ^ b between tJiC 
tangents///* and B K, Then the common radius of the crossing 
ACB may be found by § 33 ; or if the radius of one part of the cross 
ing is fixed, the second radius may be found by § 34. But if both froq 
angles are given, we have the two radii or the common radius of a 
crossing given, and it will then be necessary to determine the distance 
i B between the two tangent points. 

66. Problem* Given the perpendicular distance G N=b (Jig. 17) 
hcttveen the centre lines of ivoo paralld tracks, and the radii E C ^^ R ana 
CF = R' of a crossing^ to find the chords A C and B C. 

Solution. Draw E G perpendicular to the main track, and A L, 
CM, and B L' parallel to it. Denote the angle AEChy E. Then, 
since the angle AEL^^AHG^S, vjq have CEL => E -^ S, 
and in the right triangle CEM (Tab. X. 2), CE cos. CEM « 
72 cos. (E'\- S)=^EM=EL'-LM. But EL = AE cos. AE L 
= 72 cos. S, and LM : DM ^ AC \ BC Now ACi BC ^ 
EC'. CF= RiRf. ThereroTQ, L M: L' M ^ R: Rf.OT LM: LM 
-{-L'M= RiR-^ Rf; th&t is, LM':b-~2d=R:R + R', whence 

LM ^ — jl^m • Substituting these values of E L and £ 3f in the 
oqaation for R cos. (E -f- /S), we have R cos. ^E -V S^ « K co^. S — 

s ^ /if - , 
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. •. COS. (JS + 5) = COS. S — 



5 — 2d 



22 + 22' 

Having thus found E + S^we have the angle E and oIdo its equal 
CFB. Then 69) 

BT -4C=2i2sin J^, B C = 2 /2' sin. J -ff. 

We have aLio ^B»^C4 BC, since ^ C7 and B Care in the 
seme straight line (4 32), or AB ^2 {R-k- R') sic* i ^' 




When the tvoo radii are equals the eame formnla) apply by making 
W » /2. In this case, we have 

cos. (iB + 5) =- COS. 5 — ^JZiif ; 



AC-= BC=iR sin. } E. 



Example, Given rf =» ^2, ^ = 4.7, S ==^ V* 20', 6 = 11, and the an- 
pies of the two frogs each 7<>, to find AC=BC^iAB, The 
common radins 72, corresponding to /'ss 7°, is found (§51) to be 
593.5. Then 2 72 = 1187, 6 — 2 c? = 10.16, and 10.16 -f- 1187 = 
.00856. Therefore, nat cos. (J5J -}- 5) = .99973 — .00856 =: .99117 ; 
whence E-\- S = 7°37' 15". Subtracting S, we have E = 6^ 17' 15" 
Next 



38 



CIRCULAR CURVES. 



C. Turnout from Curves 

57< Problem* Given the radius R of the centre line of the mow 
track and the frog angle F, to determine the position of the frog hy moant 
of the chord B F {figs, 18 and 19), and to find the radius W of the cf» 
tre line of the turnout. 




SUutwn, I. When the tnrnout is from the tnside of the cams 
(fig. 18). Let A G and C7F be the rails of the main track, ^ JB the 
switch rail, and the arc B F the outer rail of the tamout, crossing the 
inside rail of the main track at F, Then, since the angle E FK has its 
sides perpendicular to the tangents of the two curves at F, it is equal to 
the acute angle made by tlie crossing rails, that is, E FK = F, Also 
E BL = S. The first step is to find the angle B KF denoted hy K, 
To find this angle, we have in the triangle B FK (Tab. X. 14), BK-\' 
KF'.BK— KF= tan. i(BFK'\-FBK)itsin.i(BFK—FBK). 
B\itBK= R'\-ig — d, and KF =. R — ^g. Therefore, B K •\- 
KF =2R — dj and BK — KF = g — d. Moreover, BFK^ 
BFE -Y EFK= BFE'\-F, and FBK=EBF—EBK^ 
^jr^—S. Therefore, BFK— Fi3 iC = F -V S. I^cl^xI^, UFK 
-^-^^— 180<^ — K, Substituting these \a\\iea m \5a?i ^xt^e^^m^ 
ortjon. ne hare 2 R — d\g — d = tan.(90« — ^ K^A^^X ^^ -V S^ 
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c^tan.(90O->i/0^ ^^^-%^j^^-^^ But tan (90O - J J?) 

^^ • . tan. i AT = - — =j i^ , .y, . c^ . 

* (2 /2 — rf) tan. J (F+ jS) 

Next, to find the chord D F, we havo, in the triangle B FC 
(Tab.X.12),i5F = — ^^^°i^^^ But fi C- ^-rf, and J3 C/'- 

180O — FCK ^ 180° — (90° -- }K) = 90O 4- i ii, or sin. DCF 
«cos.i^. Moreover, ^F(7=i(F+ 5); for BFK^KFC 
•^BFC.sLndFDK^^KCF—BFC^ KFC — BFa There- 
fore, jB /'/v -^ FDK= 2BFa But, as shown above, B FK — 
FBK^F-^S. i:hererore,2B FC ==- F'\' S,OT B FC =^ i {F-i- S), 
Sabstitutiug these values in the expression for BF^ we have 

BF^ (^ — <^)cos. j K 
8in.J(i^+6') * 

Lastly, t^ find R', wc have « 68) 72' + i^ = j&F « oITTSef' 
BvLtBEF^ BLF-^ EBL, and BLF ^ LFK-^-LKF^^ 
F + ^. Therefore, BEF^F+K—S, and 



sin. i(F+A'— i>) 

n. When the turnout is from the outside of tlie curve, the preceding 
solution requires a few modifications. In the present case, the angle 
EFK' = /^(fig. l9)eLnd EBL = S. To find K, we have in the 
triangle B F K, KF '\- B K ; KF — B K ::=^ tan. J {FBK -h 
BFK) : tan. J {FBK— BFK). But KF= Ii'\-ig, and BK 
^ R — ig + d. Therefore, TTF + JB iT = 2 72 + rf, and A'F — 
BK = g — d. Moreover, F B K =^ 180° ^ FB L = 180° — 
(EBF^EBL) ^ 180O— (JSJBF — aS), and JBFiT = 180° — 

bfa:' = 180^ — (z?F^ -h ^fa:o = 180° — {ebf + f). 

Therefore, FBK—B FK ^ F ^ S. Lastly, FBK+BFK=- 
180^ — iT. Substituting these values in the preceding proportion, wo 
have 2R-\-d:g'-d=^ tan. (90° — J iv) : tan. J (^ + '5)» or 
tan. (90° - J TT) = (l«±i)i^* (^:±^ . But tan. (90° - J JST) - 
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Next to flml B F, ynQ ha^-o, in the triangle B F C, BF « 



Bin. BFC 



Fig. 19. 




sin. DCF=^ COS. J iT. Moreover, Z?FC=J(/'+5); for BFK 
==KFC—BFCyBnii F B K^ KCF'\- B F C=- KF C-^-BFa 
Therefore, FBK— BFK==^ 2BFa But, as shown above, FBK-- 
B FK=^ F-Y ^' Therefore, 2 BFC^ F-^-S.orBFC^ J (^+^' 
Substituting these values in the expression for B F^ we have, as befbrei 



GT 



BF = ( y-<0<'O9i^ * 
sin.i(^+'5) ' 



^BF 



Lastly, to find 72', we have (^ QS) R' -^ ig ^ E F = ^n.^BEF 

* Since ^ £ is genemlly very small, an approximate valad ot B F may bo obtained 

g d 

S(r making' COB. i K==l. This gives BF^ Tvi P -T S\^ '«>a^»'^ \» ViKuttcal 

& tbo forznals for BF' in § 60. Table V. 'wiW, tbftToIote, %^v% ^^ «V>s» Tic^\<wAsaw 
9 the valae of BF on curves also, for any value ot F coatoiucASsx «a.« VaMVt» 
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But DEF ^ BLF — EBL,m^BLF>»LFK -^LKF ^ 
F— A'. Therefore, BEF^ F— K-- S, and 



Example. Given g == 4.7, d == .42, 5 =» !<> 20', R =» 4583.75, and 
if =r 7", to find tlic chord B F and the radius 72' of a turnout from the 
outside of tlie curve. Here 

g — d^ 4.28 0.631444 0.631444 

2 /2 + rf = 9167.92 3.962271 

J (^+ -5) = 4° 10' tan. 8.862433 sin. 8.861283 

2.824704 1.770161 



J A' = 22' 1.8" tan. 7.806740 cos 9.999991 

Z?/'= 58.905 1.770152 

2 0.301030 



J (F — a: — 5) « 2° 27' 58.2" ain. 8.633766 



8.934796 



R' -\- ig ==^ 684.47 2.835356 

.-.72' = 682.12 

58. Problem* To find mechankallji the proper poeUum of a given 
frog. 

Solution. The method here is similar to that already given, when 
the turnout is from a straight line (§ 52). Draw J3 J/(figs. 18 and 19) 
parallel to F C, and we have FB M = B F C => i {F -{■ *5>j, as just 
shown (§ 57). This angle is to be laid off from B M; but as F is the 
point to be found, the chord F C can be only estimated at first, and 
B M taken parallel to it, from which the angle ^ {F '\- S) may be 
laid off by the msthod of § 52. In this case, however, tlie first meas- 
ure on the arc is tf, and not 2 d j since we have here to start from B JtS^ 
and not from the rail. Having thus determined the point F approxi- 
mately, B M may be hud off more accurately, and F found anew. 

59. When frogs are cast to be kept on hand, it is desirable to h»jws. 
them of such a pattern that they vjVW ?aW «i\. \5[v^\>^^\vm^'^^'^ ^^^^^'v^ 

ccrtnin rail; that is, the chord B F is Vltvo^ti> ««i^ ^^^ss. ^^'^^'^ ^ '^ ' 
guimd. 
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Pro1>lciD« Given the position of a frog by means of the chord B F 
{figs, 14, 18, and 19), to determine the frog angle F» 

Solution. The formula B F ==^ gin ki ' F-¥ s\ » ^^^^^ ^ exaci OQ 
straight lines (§ 50), and near enough on onlinary curves (§ 57, xv>te), 
gives 

By this formula .J (J^ -}- S) may be found, and consequently /*. 

60. Problem* Given tJie radius R of the centre line of the main 
track f and the radius R' of the centre line of a turnout, to fnd the fog 
angle F, and the chord B F {fr/s. 18 and \0). 

Solution. I. When the turnout is from the inside of the curve 
(fig. 18). In the triangle BE Kfnd the angle B EKand tJie side JS K. 
For this pui*pose we have BE = R'-\-igyBK — R-^-^g — rf, and 
the included angle E B K = S. Then in the triangle E FKvre have 
£/i:, as just found, i5;/^= /2' -f ^ g, and FK =^ R— i g. The frog 
angle E FK = Faiay, therefore, be found by formula 15, Tub. X^ 
which gives 



tan.ii^= ^ 



{s-6)(s-c) 



« (« — a) 

where s is the half sum of the three sides, a the side E K^ and 6 and c 
the remaining sides. 

Find also in the triangle EFK the angle FE K^ and tve have titfi 
angle B E F =^ BEK - F E K. Then in the triangle BEFwe 
have (§69) 

1^^ BF= 2 (72' + ig) sm. ^ BE F.* 

II. When the turnout is from the outside of the curve (fig. 19). In 
the triangle B E K Jiiid the angle BEK and the side EK. For this 
purpose we have B E = R' -{• ^ g, B K = R — i g + d, and the in- 
cluded angle E B K =: ISQP ^ S. Then in the triangle EFK we 
have E K, as just found, E F ^ IV -^ ^g.fmd F K=^R-\- ^g. The 
angle EFK may, therefore, be found by formula 15, Tab. X., which 

gives tan. \EFK = sJ ^"j^J!l ^ . But the angle E FK' == F 

* The value otBF may be more easily found by the approzhnate formula BF^ 
^j^,E,_t gr. . and generally with sufllcient accuracy . Seo uoVi \« S XA . TYJa ts> 

'sUes also to B Fin the second paxt of this boVuUotv. 
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- 180® ^EFK, Therefore JF=: 90» — ^EFKy and cot J F=« 
tasL^EFK', 

^ g{8 — a) 

wrhcre a is the half sum of the three sides, a the side EK^ and h and c 
the remaining sides. 

Find also in tJie triangle E FKthe angle FE TT, and we have the anglt 
BEF^ FEK — BEK. Then in the triangle jB ij; i^ we have (§ 69) 

C3^ BF^2 (W ■\-\g) sin-i BEF. 

Example. Given g = 4.7, d = .42, S ^ 1° 20', 72 = 4583.75, and 
fi' = 682.12, to find Fand the chord B Fofa. turnout from the outside 
of the curve. Here in the triangle B E K (^q. 19) we have BE ^ 
Rt J^^g = 684.47, BK^R — ^g + d = 4581 .82, and the angles 
BEK'\- BKE=^ S^Y" 20K Then 

BK—BE=z 3897.35 8.590769 

iiBEK-i-B KE) = 40' tan. 8.065806 

1.656575 

fiX'+ 5^ = 5266.29 3.721 505 

\(BEK—B KE) * =: 29.6029' tan. 7.935070 

r.BEK=^ 1° 9.6029' 

EK is now found by the formula E K =^ — sin be W~ » ^^ ^^S* -'^•^ 
« log. 4581.82 + log. sin. 178® 40' — log. sin. 1° 9.6029' = 3.721491, 
whence ^ir= 5266.12. 

Then to find F, we have, in the triangle EFK, « = J (5266.12 + 
684.47 + 4586.10) = 5268.34, « — • a = 2.22, « —• 6 « 4583.87, and 
-. c == 682.24. 

« — 6 =: 4583.87 3.661233 

s — c = 682.24 2.833937 



$ = 5268.34 3.721674 
« — a = 2.22 0.346353 



6.495170 

4^68027 

2 )2.427 143 

\F= 3° 30' cot. 1.213571 

•./^= 7° 



• Thie auglo and the afaie of lo 9 Q023' \>e\o\»,*TO lw3caa.\ii ^SoR^ ^s«!0»Rftw ^-4«^ 
ouDneotion mth. Table Xm. If ih« OTi\Mia.Ty *m\ftT^^sw^^wa ^c^^'^^^^s^ 
lOiould have found ^=.70?', wbereaa \t 6\io\x\^\><* 1o^%VaJ» ^JEia> «*»5»'^ 
oonvcrse of that in | 57. 
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To find FEK, we have s as before, bat as a is here the side FK 
opposite the angle sought, we have s — a ^ 682^4, a — 6 « 4583.87, 
and 8 — c = 2.22. Then by means of the logaritnms just used, we 
find J FE ^ = a'* 2' 45". Subtracting J 5 ^ A* = 34' 48", we have 
^BEF ^ 20 27' 57". Lastly, BF :^ 1368.d4 sm. SP 27' 57" « 
58.897. 

The formula BF =^ 6\n.\'F-\- S) (^ ^^» "°^) ^o^^^ &^^ ^^ 
58.906, and this value is even nearer the truth than that just found, 
owing, however, to no eiTor in the'Tormulse, but to inaccuracies inci- 
dent to the calculation. 

€1. If the turnout is to reverse, in order to join a track paiallel to 
the main track, as A CB (fig. 20), it will be necessary to determine 
the reversing points C and B. These points will be determined, if we 
find the angles AE C and B FC^ and the chords A C and CB. 

62. Problem. Given the radius DK^ R (fig 20) of the centre 
line of the main track, the common radius E C ^ C F ^ W of the centra 
line of a turnout^ and the distance B G = b between the centre lines of the 
parallel tracks, to find the centred angles AE C and BFC and the chords 
A CandBC. 




<^-*2fi«K^ /n the triangle A EK find the angle A E K awl the aiOU 
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B K For Uiis purpose we have AE ^ W^AK^^ R-^ d^ and the 
uicladed angle EAK^S. Or, if the frog angle has heen previously 
calculated by § 60, the values of AE K and E K are already known.* 
Find in the triangle E FK the angles E FK andFEK. For this 
purpose we have E K^ as just found, EF= 2 7i', and FK —72-4- 
R' — 6. T/uiH AE C ^ AEK— FEK.and BFC = EFK, 
r^tly, (§ 69) 

AC=2R sva^AEC, C B =z 2 R' sin. i BFC, 



This solution, with a few obvious modifications, will apply, when 
the turnout is from the outside of a curve. 

D. Crossings on Curves. 

63. AVhcn a turnout enters a parallel main track by a second switch, 
It becomes a crossing. Then if the tangent points A and B (fig. 21) 
are fixed, the distance A B must be measured, and also the angles 
which A B makes with the tangents at A and B. The common ra- 
dius of the crossing may then be found by § 40; or if one radius of the 
crossing is given, the other may be found by § 38. But if one tangent 
point A is fixed, and the common radius of the crossing is given, it 
will be necessary to determine the reversing point C7and the tangent 
point B, These points will be determined, if we find the angles AEC 
'indBFC^ and the chords A Cand CB. 

64. Problem. Given the radius DK^ R {Jig. 21) of the centte 
line of the main track, the common radius E C ^ CF ^ Rf of the centre 
line of a crossing^ and the distance D G = b between the centre lines of the 
paralld tracks^ to find the central angles AE C and B F Cand the diords 
A Cand CB. 

Solution In tlift triangle AEK find the angle AE K and the side 
E K. For this p-irpose we have A E ^ R\ A K =^ R — rf, and the 
included angle EAK=* S. 

Find in tJie triangle B FK the angle B FKand the side FK. For 
this purpose we have BF ^ R', BK ^^ R — b-^-d, and the included 
ingle FBK=^ 180° — S. 

Find in the triangle EFK the angles FEKand EFK. For thia 



♦ 2Tie tHangle A EK does Dot eorrea^TiaL ipwAaAi ^'^^^''^^^^^^^^ 
JD the centre line and B on the outer raaV*, \>xi\. tSckft «iS5«t«QR»>*^*** 
cbe caicuZfttfonA 
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purpose we have E K and FK as just found, and E F as 2 R\ Then 
AEC^AEK-^FEK,andBFC^EFK—BFK. Lastly 
(S 69,) 

AC-'2R^€m.\AEC\ CB ^ 2Rf sm.iBFC. 




Fig. 21. 



AbTICLE IV — MiSCSLLANEOUS PBOBLEMS. 

65 Problem* Given A B = a {Jig. 22) and the perpendiculat 
BC=byto find die radius of a curve that shall pass through C and the 
tangent point A, 

Solution, Let be the centre of the curve, and draw the radii A 
and C and the line CD parallel to A B. Then in the right triangle 
COD we have C = CD^ + 0Z>^ But C = R, CD = a, and 
OD^^AO-^AD^R — b, Therefore, R* = a* -J- (R — b)" =. 
a» + /i» — 2 226 4- 6«, or 27^6 = a« -f 6«; 



tsr 



26 ^ 



^jramp/e. Given a = 204 and 6 = 24, to Rivd It ^«ii. B. 
"h ^ = 867 -h 12= 879. 



MISCELLANEOUS PROBLEMS. 
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€6. Corollary 1. If 72 and 6 are given to find AB =^aj that 
te, to determine the tangent point from which a curve of given radius 




Fig. 22. 



iLast start to pass through a given point, wo have (f 65) 2llb 



.*.a 



^6(2/2 — 6). 

Example. Given 6 = 24 and R ~ 879, to find a. Hero a » 
y24 (1758 — 24) = ^ 41616 = 204. 

67. Corollary 2* If 72 and a are given, and b is required, we 
have (§ 65) 2 726 = a« + e»«, or 6« — 2726 = —a". Solving this 
equation, we find for the value of 6 here required, 



BT 



6 = 72 — ^72* 



— a«. 



68. Problem* Given the distance AC ^ c (Jig. 22) and the an- 
gle BA C =^ A^ to find the radius 72 or deflection angle D of a cwrve^ thai 
thall pass through C and the tangent point A, 

Solution. Draw E perpendicular to A C Then the angle AOE 
^^AOC^ BA C^A(S2y III.), and the right triangle AOE gives 



72 



sin. ^ 



To find 2?, we Lave (§ 9) sm. D = ^ ^x>^i^<\\si5C\Ti't^^'t^ ^\Na.^^as^s 
jQBt found V70 have sin. D ^ 5*0 ^ - «— » % 
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ri 100 sin. A 
. ' . sm. D = 



Example. Givsn c == 285.4 and ui = 5°, to find R and D. Here 

n 142J ,^^^^ , . ^ 1008in.5O Bin.6o . ,. ^^, 

^ = Jin: 50 = 1637.3 ; and sm. D = 286.4 =* "2.854 == ""• * *^ 

orZ>= 1045'. 

69. Problem* Given the radius R or the dejlection angle D of a 
curve, and the angle BAC=A {Jig. 22), made by any diord with the 
tangent at A, to find the length of the cliord A C = c. 

Solution. If R is given, we have (§ 68) 72 = gj^-^ ' 
1^" .'.0 = 2/2 sin. A. 

If Z) is given, we have (^ 68) sin. D = ^-^— ; 

rsg* ^ 100 sin. A 

sin. D 

This formula is useful for finding the length of chords, when a cqi •re 
is laid out by points two, three, or more stations apart. Thus, snppasc 
that the curve ul C is four stations long, and that we wish to find ihe 
length of the chord A C, In this case the angle J. » 4 Z> and c &» 

■ ^ ' j — . By this method Table II. is calculated. 

Example. Given R = 2455.7 or D « 1° 10', and .4 =» 40 40', to 
find c. Here, by the first formula, c = 4911.4 sin. 4® 40' = 399.59. 

T. 1- J/. , 100 Bin. 40 40' „^^,„ 

By the second formula, c = ^ ^q^q, = 399.59. 

70. Problem. Given the angle of intersection K CB = / (fig, 23), 
and the distance CD = b from the intersection point to the curve in th* 
direction of the centre, to find the tangent A C ^^ T, and the radiua A 
= 72. 

Solution. In the triangle A D Owe have sin. CA D : sin. AD C ^» 
CD '.A a But CA/> = J^0Z> = i/(§2, m. and VI.), and as 
the sine of an angle is the same as the sine of its supplement, 
sin. AD C =^ sin. A DE = cos. DAE=s cos. i I. Moreover, CD 
= h and A C = T. Substituting these values in the preceding pro- 

portion, we hare sin. i I: cos. 4 7 = 6 : T, or T ^ ^^^'^^ \ ^VssoRa 
^Mb, X. 33) 



r 
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r « 6 cot i /. 

To find 72, we have (§ 5) 72 = T cot. } 1. Substit^iting for T Its 
valae just found, we have 

i2»6cot j/cot |i 




Fig. 23. 



Eaamfk. Given 1 — SO^', 6 = 130, to find T and /2. Here 

6 » 130 2.113943 

i/= 7030' cot 0.880571 

r= 987.45 2.994514 

J / = 150 cot 0.571948 

R =: 3685.21 3.5664G2 

71- Problem* Given the angle of intersection KCB = I (Jig. 23). 
and the tangent AG ^ T^or the radius AO =^ R^to find CD — b. 

Solution. If T is given, we have (§ 70) T = 6 cot. H or b ^ 

T ^ 

not. i / ' 

^ .-.6 = rtan. il. 

If R is given, we have (§ 70) R « b eoV \1 ^N.- W ^^^ - 



x>t i Icot. if 



. 6 = R tan. \ I taw. \ 1. 
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Example. Given /= 27° r== 600 or 72 =* 2499.18, to find 6 
Hero b = 600 tan. 6° 45' = 7101, or 6 « 2499.18 tan. 6® 45 
tan. 13030' = 71.01 



72. Problem* Given the angle of intersection I of two tangents 
A C and B C (Jig, 24), to Jind tlie tangent point A of a curves that shaU 
pass through a point E^ given hg CD — a^ D E =11, and tite angle CD R 

c 



Fig. 24. 




Solution, Produce DE to the curve at G, and draw CO to the con- 
tvQ 0» Denote DFhyc, Then in the right triangle CDFyiq. nave 
(Tab. X. 11 ) Z> F = CZ) cos. CDF, or 

VST c =: a cos. J 7 

Denote the distance A D from D to the tangent point by x. Then, by 
Geometry, a:« = Z) J5; X Z> G. J^Mi D G ^ D F -\- F G ^ DF -{- 
EF= 2DF—DE = 2 c — b. Therefore, r* = 6 (2c — 6), and 



O^ 



x = y6 (2 c — 6) . 



Having tlius found A D, we have the tangent AC — AD -{' DC 
«= X 4- a. Hence, Rot D may be found (^ 5 or § 1 1 ). 

If the point E is given by EH and CU perpendicular to each other, 
mgd 6 may be found from these lines. "Fot a— CH-\'DH« 

^ IT cot. i/(Tab, X. 9), and 6 = D E « ^;^i^ 
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Example, Given 7 = 20° 16', a = 600, and 6 = 80, to find x and 
R. Here c = 600 cos. 10° 8' = 590.64, 2 — 6 = 1101.28, and a: =» 

ySO X 1101.28 == 296.82. Then T = 600 + 296.82 = 896.82, and 
R = 896.82 cot 10° 8' = 5017.82. 

73. Problem* Given the tangent A C {Jig. 25), and the chora 
A J3, uniting the tangent points A and B, to find the radius A = R 




Fig. 25. 



Solution. Measure or calculate the perpendicular CD. Then i{ C D 
be produced to the centre 0, the right triangles ADC and CA 0, 
having the angle at C common, are similar, and give CD : AD :=' 
ACiAOyOT 

r^ n ^^DX AC 

If it is inconvenient to measure the chord A B, a line E F^ parallel 
(o it, may be obtained by laying off from C equal distances CE and 
CF. Then measuring E G and G C, we have, from the similar tri- 

inglcs^GCand CAO, CG: GE=^AC:A Q, or 7Z = ^^cV ^ 

Example. Given ^ (7= 246 and AD =^\Q^\ft ^^^1"^ ^^^' 
C/^ = 54, and R ^ ^-^ = 1093.a:i. 
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74. Problem. Given the radius AO ^ R {Jig. 25), to ^find tk' 
tangent A C = Tofa curve to unite two straight lines given on the ground' 

iSoiution. Lay off from the intersection C of the given straight lines (my 
equal distances CE and CF, Draw the perpendicular CG to the mid' 
die of E F, and measure G E and G G. Then the right triangles 
E G C and CAO, haying the angle at C common, are similar, and 
give GEiCG = AO:AC,OT 

^^ rf._ CGX AG 

G E 

By this problem and the preceding one, the radius or tangent point& 
of a curve may be found without an instrument for measuring angles. 

Example. Given R = 1093J, G -E := 80, and C G « 18, to find T, 

_ _, 18x10931 

Here T= —^^—^ = 246. 

75. Problem* To fnd the angle of intersection I of tvx) straight 
linesy when the point of intersection is inaccessible, and to determine the tan* 
gent points, when the length of the tangents is given. 

Solution. I. To find the angle of intersection 7. Let A C and C V 
(fig. 26) be the given lines. Sight from some point A on one line to a 
point B on the other, and measure the angles GAB and TB V. These 
angles make up the change of direction in passing from one tangent to 
the other. But the angle of intersection (§ 2) shows the change of di- 
rection between two tangents, and it must, therefore, be equal to the 
sum oiCABs^^TBV, that is, 

ET 1= GAB+ TBV. 

But if obstacles of any kind render it necessary to pass from ^ C to 
^ Fby a broken line, as ADE FB, measure tlie angles G A D, N D E, 
P E Fy RFB, and SB V, observing to note those angles as minus which 
are laid off contrary to the general direction of these angles. Thus thQ 
general direction of the angles in this case is to the rigid; but the 
angle P E F lies to the left of D E produced, and is therefore to be 
marked minus. The angles to be measured show the successive changes 
of direction in passing from one tangent to the other. Thus GAD 
shows the change of direction between the first tangent and A D, 
A^^^ shows the change between A D produced atvd D E, P E F ^^ 
tn^e between DE produced and £ F, R FB xXv^ e\v«cv^^ \i^\.^^\i 

Produced and FB, and, lastly, 5 B Ft\\e c\vaT\v;e\jeVw^^xvBF vt^ 
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disced and the second tangent Eut the angle of intersection (4 2) 
shows the change of direction in passing from one tangent to another, 
and it must, Uierefore, be equal to the sum of the partial changes 
measured, that is, 



/« CAD-\-NDE'-PEF-{-RFB-\- S B V 



Fig. 26. 




n. To determine the tangent points. This will be done if we find 
the distances A Cand D C; for then any other distances from Cmay 
be fonnd. It is supposed that the distance A B^ or the distances A Z), 
DEfEF, and FB have been measured. 

Tjf one line A B connects A and i?, Ji7id A C and B C in the triangle 
ABC, For this purpose we have one side A B and all the angles. 

If a broken line A D E FB connects A and B, let fall a jyerpendicvlar 
B G from B upon A (7, produced if necessary^ and find A G and B G 
fn^ the usual method of working a traverse. Thus, if -4 C is taken as a 
meridian line, and DK^ E L^ and FAl are drawn parallel to A C, and 
D Hj E K, and FL are drawn parallel to B Gy the difference of lati- 
tude AG\s equal to the sum of the partial differences of latitude A i/, 
D K, ELy and FM^ and the departure B G is equal to the sum of the 
partial departures DH^ EK^FL, and B M. To find these partial 
differences of latitude and departures, we have the distances A Z>, DE, 
E F, and FZ?, and the bearings may be obtained from the ^icvsEjft<5» 
alreadj measured. Thus the bearmg o? A D \?. C A 13 , 'C!w5;\i^'«cKO!^^^ 
DEis KDE^KDN^NDF, = CAD ^ lSiI> V-^'^^^^'^ 
of EF is LEF =Z:,SP— PEF«KBK — ^^^^^"^^ 
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bearing ofFBisMFB^ MFR ^RFD^LEF^R FB\ thm 
is, the bearing of each line is equal to the cUgdnuic sum of the preccd 
ing bearing and its own change of direction. The differences of lati- 
tude and tlie departures may now be obtained from a traverae table, 
or more correctly by the formulae : 

Diir. of lat. = dist. X cos. of bearing , dep. » dist. X sin. of bearing 

Thus, A 11= AD cos. C^ Z>, and Z) iZ = 2I Z) sin. CA D. 
Having found A G and B G^ we have, in the right triangle B G C^ 

;Tab. X. 9) GC = BG cot. Z? CG, and B C = ,^^^^ ^ But 

B CG =1800— I. Therefore, cot. 2? C (? = — cot. 7, and bIxlBCO 

s o 

= sin. 7. Hence G C = — B G cot. /, and B C -== ii£~i • Then, 

since A C == A G + G CyVre have 



AC^ AG- BG cot. I; /?C=:-^. 

Bin. I 

When /is between 90® and 180®, as in the figure, cot. / is negative, 
and — B G cot / is, therefore, positive. When / is less than 90®, O 
will fall on the other side of /; but the same formula for A C will still 
apply ; for cot. / is now positive, and consequently, — B G cot / is 
negative, as it should be, since, in this case, A C would equal A O :m 
nus G a 

Example, Given AD ^ 1200, DE ^ 350, EF ^ 300, FB = 
310, CAD=z 20®, NDE = 44®, PEF =:^ — 25®, RFB « 31®, 
and SB V= 30®, to find the angle of intersection /, and the distances 
A C and BC. 

Hero 7 = 20® 4- 44® — 25® -f- 31® + 30® = 100®. To find ^ G 
and B Gy the work may be arranged as in the following table : — 



Antilles to 
tUe iUght. 


Bearings. 


Difitanccs 


N 


B. 



20 

44 

—25 

31 


N. 20 E. 
64 
39 
70 


1200 
350 
300 
310 


1127.63 
153.43 
233.14 
106.03 


410.42 
314.58 
188.80 
291.30 


1620.23 


1205.10 



TheBrst column contains the observed angles. T\ve secoxA cnvv\s2flM& 
' mingSf which are found from tiie angles oi O^e ^tsX eo\\ansi^>M 
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liie manner already explained. A Cis considered as running north 
from A, and the bearings are, therefore, marked N. E. The other col- 
umns require no explanation. We find A G = 1620.23, and B G ^ 
'205.10. Then G C7 = — i?G cot. i = — 1205.1 X cot. 100<> = 
212.49. This value is positive, because it is the product of two nega- 
tive factors, cot 100° being the same as —cot. 80°, a negative quanti- 
ty. Then A C == A G -{- GC= 1620.23 + 212.49 = 1832.72, and 

BC^= sin 100° ~ 1223.69. Having thus found the distances of A 
and B from the point of intersection, we can easily fix the tangent 
points for tangents of any given length. 

76. Problem* To lay out a curve, when an obstruction qf any kind 
infxjaits the use of the ordinary methods. 




Solution. First Method. Suppose the instrument to be placed at 
A (fig. 27), and that a house, for instance, covers the station at i?, and 
also obstructs the view from A to the stations at D and E. Lay off 
fi'om A C, the tangent at -4, such a multiple of the deflection angle A 
as will be sufficient to make the sight clear the obstructloxv* "Lxs. ^it^^ 
figure it is supposed that 4 D is the pro^et «iSi^<^. 'W^a i\^N."^^!^"^^=^ 
pass through F, the fourth station from A, «av^\!K\a ^"^^^^^^^^^^^ 
termined by measuring from A the\eTvs^\v o? \Jcv<i cjftwc^ K ^A 
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i 69 or by Table II. From the station at Fthe stations al Z> and JB 
may afterwards be fixed, hy laying off the proper deflections from tfar 
tangent at F, 

Second Method, This consists in running an anxiliarr curve paral 
lei to the true curve, either inside or outside of it For this purpose 
lay off perpendicular to ^ C, the tangent at A, a line A A' of any con 
venient length, and from A' a line A' C parallel to -4 C. Then A^ C 
is the tangent from which the auxiliary curve ^'j^' is to be laid off. 
The stations on this curve are made to correspond to stations of 100 
feet on the true curve, that is, a radius through B' passes through B^ u 
radius through D' passes through Z>, &c. The chord A* B' is, there 
fore, parallel to A By and the angle C'A'B' =* CAB\ that is, the de 
flection angle of the auxiliary curve is equal to that of the true curve 
It remains to find the length of the auxiliary chords A' B\ B* D\ &c 
Call the distance A A* =6. Then the similar triangles ABO and 
A'Bt give AO'.A'O^AB'. A'B', or R: R — b == \00 : A' B', 

Therefore, A' B' = ^ =100 — — ^ . If the auxiliary curve 

were on the outside of the true curve, we should find in the same way 

A'B' = 100 -\- -j^ . It is well to make b an aliquot part of R ; for 
the auxiliary chord is then more easily found. Thus, if n is any 

whole number, and we make 6 = - , wc have A' B' = 100 ± —^ 

= 100 ± ~ . If, for example, 6 = j^^ , we have n — 100, and A* D 

= 100 ± 1 = 101 or 99. When the auxiliary curve has been run, 
the corresponding stations on the true curve are found, by laying off 
in the proper direction the distances B B\ D D\ &c., each equal to b. 

77. Problem. Ilavimj run a curve A B {Jig. 28), to change thi 
tangent point from A to C, in such a vxiy that a curve of the same radium 
may strike a given point D. 

Solution. Measure the distance B D from the curve to D in a direction 
(xiraUd to the tangent C E, This direction may be sometimes judged 
of by the eye, or found by the compass. A still more accurate way is 
to make the angle DB E equal to the intersection angle at J&, or to 
twice BAE, the total deflection angle from Ato B'y or if A can be 
seen from jB, the angle DBA may be made equal \o BAE. 
Measure on the tangent {backuxird or forward^ as the case may be) a dia 
^onceA ^=» B D, and C will he the new tangent poiTa requvred. ^w^*^ 
,<^.£rde drawn eqaal and parallel to A F, yt© Vvave FH ^^tx^«xA \ws 
1 
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iillel to A C<, and therefore eqnal and parallel to BD. Hence DH^ 
BF ^ AF= CH, and D H being equal to CHjA curve of raditu 
CS Crfjin the tangent point Cmust pass through D 




78. Problem* Saving run a curve A R I fuj. 29) of radius If r/r 
deflection angle Z>, terminating in a tangent jBBco Jirul the radius R' or 
deflection angle U of a curve A C, tiiai shall terminate in a given parallel 
Uingcnt C E. 




Fig 2<». 



Sidutum Since the radii B F and C G ai^ ^^T^cw^^R^:^«t^ft<s^!^^^ 
ullel tangents OB and B D, they are -paxaiM^V, axv^ >^^ «:^^^^ ^ ^ 
^ /^j^ Therefore, A C G, the Via\f-supp\^Ttv^w\. o^ ^ ^ ^^^^ "^"^^ 



58 



CIECUUUl CURVES. 



ABF,ihe half-supplement of A FD. Hence A B and BCare 
same straight line, and the new tangent point C is the intersed 
J. B prodaced with CE. 

Represent ABhy Cy and A C — c -\- B Chy cf, Measure B C, 
nwre convenient^ measure D C and find B C by calculation. To cal 

D C 
B C from D C, wc have Z? C = ^a.I)BC ^'^^^- ^ ^)' *"^^ ^^^ 

DBC=^ABK=BAKy the total deflection from ul to JB. 
the triangles AFB&ndAGC give AB\ AC ^ BFi C G,o\ 
= 72:72'; 

CF" 72' =- £! 72. 

c 

To find 7)', we have (§ 10) 72' = g^, , and 72 = ^^ . 
stituting these values in the equation for 72', we have ^j^ 

e ^ Bin. D » 

c 
. • . sin. ly ^=^—, sin. 7). 



79. Problem* Criuen Me length of two equal chords A Can 
[Jfg. 30), and the perpendicular CD^ to find the radius Rcf thecK 




Fig. 30 



!Solutton. From 0, the centre of the curve, draw the perpend 
0£. Then the similar triangles QBE and B CD give BO 
^jffC:CD,orRiiBC=BC\CI>, Hence 



72 = 



BCl 
2 CD 
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This problem serves to find the radius of a cnnre on a track already 
laid. For if from any point C on the carve we measure two equal 
chords A Cand B Q and also the perpendicular CD from Cnpon the 
whole chord A B, we have the data of this problem. 

80. Problem* To draw a tangent FG (Jig. SO) to a gwen ciirtx 
fivm a given point F. 

Solution, On any straight line FA, which cuU the curve in tuH> points, 
measure F C and FA, the distances to the curve. Then, by Geometry, 



I^" 



FG^^FCXFA, 



This length being measured from F, will give the point G. When 
F G exceeds the length of the chain, the direction in which to measure 
\U so i^at it will just touch the curve, may be found by one or two trials. 

81. Problem* Having found the radius AO » B of a curve 
{fig. 31 ), to substitute for it two radii AE ^Bi and DF ^B^, t?^ 
longer of which AE or BE* is to be used for a certain distance only at 
rack end of the curtte. 




Soluizon. 



Assume the longer radius of an\| Icngllx wKkSv tmx«v 

4 d 
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proper, and find (\ ^) the correBpmding deflection cmgU D^ . Suppose 
that each of the cunres A D and i? iLK is 100 feet long. Then drawiqg 
C 0, we have, in the triangle F E, E :F E ^6va,0FE : sin. FOE. 
But the side OE == A E — A O =^ Ri -- R, FE^DE — DF^ 
R^ — 722, the angle FOE^ ISO© — ^1 C = ISO^ — J /, and the 
angle oV^ = ^ OF— OjB;F= J/— 2Z)i, since OEF^^V^ 
( § 7 ). Substituting these values, and recollecting that sin. ( 1 80*> — \1) 
= sin. JZ, we have /2j — /i : 72, — 71, = sin. (J7— 2Z>J : sin. J/ 
llcnce 

' ^ sin. (J 7— 2 A) 

7^ is then easily found, and this will be the radius from D to //, or 
until the central angle DF D' ^ I — A D^^. 

The object of this problem is to furnish a method of flattening the 
extremities of a sharp curve. It is not necessary that the first curre 
should be ju'st 100 feet long ; in a long curve it may be longer, and in 
a short curve shorter. The value of the angle at E will of coitrse 
change with the length of A D, and this angle must take the place ol 
2 7)| in the formula. The longer tlie first curve is made, the shorter 
the second radius will be. It must also be borne in mind, in choosing 
the first radius, that the longer tlic first radius is taken, the uhoner m-ill 
bo the second radius. 

Example. Given 72 — 114028 and 1 ^ 45^, to find 72,, if /?, b as 
sumcd == 1910.08, mid AD Bn& B jy each 100. Here, by Table L, 
7)i=-lo30'. Then 

/?, — 7? = 7f^ 8 2.882980 

^ 7 = 22° 30' sin. 9.582840 

2.465820 . 
i 7 — 2 7^1 = 19© 30' sin. 9.523405 

/2i — 722 = 875. 64 2.942325 

.-./?, — /2, — 875.64 = 1034.44 

82. Problem* To locate tJie second branch oj a comj)ound or re 
versed curve from a station on the first branch. 

Solution, Let >1 ^ (fig 32) bo the first branch of a compound cnrve, 
and D its deflection an^Ie, and let it be required to locate the second 
hnuich A 73% whose deflection anj;\c \3 D\ ?totc\ sc^tu^ %\»sC\qtv B 
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Let n he the number of stations from AtoB, and n' the number of stci' 
tions from, A to any station B' on the second branch. Represent by VOie 
angle A B B\ which it is necessary to lay off from the cfiord B A to strike 
B', Let the correspouding angle A B' B on the other curve be repre- 




I'ig. 32. 



scnted by V. Then we have V -\- V = 180^ -- BA B*. But if 
7' Tf be the common tangent at A, we have TAB -^ T' A B' ^ nD 
4- n'D' = 180° — BAB'. Therefore, V+ V ^ nD -\- n' D», 
N«xt in the triangle A B B' wq have sin. V : sin. V— A B :AB\ 
But A B : A B' =^ n : n't nearly^ and sin. V' : sin. F=s F' : T, near- 

ly. Therefore we have approximately V i F = n : ?j', or F' = -, V 
Substituting this value of F' in the equation for F-f F', we have 

F+£ V==nD-{-n D', Therefore, n' F + n r=n' (nZ) + »'/>'), or 

y_ n'{nD-{'n'D') 

The same reasoning will apply to reversed curves^ the only change 
being that in this case F-f V = nD — n' /)', and consequently 

y_ n {nP'-n'D') 
n-f n' 

When in this formula n' D' becomes greater than n />, V becomca 
minus, which signifies that the angle F is to be laid off above B A In- 
stead of below. 

This problem is particularly useful, when the tangent point of a 
curve is so Gitnatcd, that the instrument cannot be set o\cr it. The 
same method is applicable, when the curve A B' starts from a straight 
line ; for then we may consider AB' bs the sccoivd. \it^xvOcv oR. ^ ^^\sv- 
pound curve, of which the straight \me \8 \.\v^ ^isX. \iX^NXiO^0wK^*\^^ 

radios cquni to infinity, and its deftcct\oxv «wv;\^ B « '^^ '^^i^6^.'w< 

/y = 0, the furmnin for T'bccomea 
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Wlicn n and n' aro caclj 1, llic fonnuln fur I' 
for tlien the Euppositioii (bat V : V ^ h :h' ia a 
will equal 4 C, and fand V, being angle 
triangle, will also be equal. Making n am 






When ihe eorv 



equal lo 1, we have 

from a etnuglit line, this fonanla becomei, bj 
I- . 1 Lf. 



We have leen that when n or 
oulj approximate. It is, liowtTO 
ther n nor n' exceeds 3, the error in curves up to 5° or 6° varies from 
a fraction of a serand to less than half a minute- The enact valne of 
K might of course bo obtiiined by solving the triangle A B IP, ia 
which the bIiIgs A B anAAB' maj bo found from Table II., and the 
inclndcd angle at A is knotvn. The extent to which these foraiDia 
ma; be safcl; used may be seen b; the following table, which i^tm 
the approximate values of Ffor BOveral different values of n, n', D. 
and D\ and also the error in cnih case 







lUTBnrd CarTM 




1L. JJ. 


w. 


b». 




Ermr. 


*, 


U. 


«'. 


fl'l r. 


Km*. 


, ^ 


A 


f 




3 


, 


.^ 


^ 


° 


7° 12 


9f» 


1 i 


f. 


,« 






■? 


,' 




f 




S3J 


2 f 


." 


F 








.' 






1 42! 


e.3 






r 


4 3U 


ail 7 






;■ 


;■ 




34.0 


1 1 


-■■■. 


:• 


1.1 2(1 




V 




1 


.4 




0,1 


3 1, 




fi 










^ 






11.0 




al f 








n 










2 a 


4 S 


10 4n 


24.7 








* 


7 30 


bl.6 


3 S 


3 4 


10 31) 


:,i.o 


Q 


a 






e 2,'if 


S2.B 



As the given quaniiiics nrc here onatiged, the approximate Tallies 

of Fare all too great ; but 'i( the columns n and n' and tho columns D 

and ly were jnterchangcd, and F Milcu\miia, Ad approximate value) 

rif fwonld bejnst as much too small, (lie ciAumn o^ wtOTi Tt^totfoMq, 



U1SCEI.LAME0U3 FB0BLBH3. 
I. Problem* Il> Biouurs tie dittanct acnn J 




Sduiion. First Mtlhed. iMAD (fig. 33) b« tlie leqaired distance. 
Measnre n lino A C a\aag the bmk, and take the angles BAG uld . 
A CD. Tlicn in t!ie triBngle AB Cvie bave one side and two angles 
to find A B. 

If .4 C is of ench a length that an i 
laid oflT 10 a point on the farther side 
A CB. Therefore, without calcnlatioi 



ingle^ CB = iDA Cam at 
.■mahnYO A B C — i D A C -m 
^AB-Aa 




Steoiid il-Jhod. LayoffJ C (fig. 34) perpendicular to /I ZJ. Mcas- 
are A C, and at Clay ofl' CD perpendicnUr to the directioa CB, and 
meeting the line of .A ZJ in D. Measure A D. I'hco the trianglei 
ACD anA ABC are similar, and give AD: ACt>.AC: AD. 
Therefore, AB = -j-g . 

If from C, determined as before, the anglo A CB' be laid off eqnal 
to A CD, we have, without calculation, A D = A D-. 

Third Method. Mcasnre a line A D l,fig. S'l'l m mi cWi'\M<. ««w!S.-ot 
lh>rn the bank, and fix ita mUliWe point C, "Bfoni ».■«■! «(«"^ 
point £ m ilw lino of A B, mewuro Ac 4\stMvie, R C,*^ "'^ 
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E C until CF^EC, Then, since the triangles ACE and D CF 
uro similar bj constmction, we see that DF'ib parallel tu E B. Find 



rig. 35. 




now a point G, that shall be nt the same time in the line of CB and 
of D Fy and measure G D. Then the triangles ADC and DGChxt 
equal, and GDIs equal to the required distance A B. 

As the object of drawing EFiato obtain a line parallel to AB, this 
line may be dispensed with, if by any other means a line GFhe drawD 
through D parallel to AD, A point G being found on this parallel in 
the Une of CDt we have, as before, GD = A B. 



PikRABOLlC CURVES. ^^ 



CHAPTER 11. 

PARABOLIC CURVES. 

Article I. — Locating 1'arabolic Curves. 

84. Let AEB (fig. 36) be a parabola, ^ Cand J3 C its tangents, 
ttJid A B the chord uniting the tangent points. Bisect AD'm D^ and 
join CD. Then, according to Analytical Geometry, — 



Fig. 36. 




I. CZ) is a diameter of the parabola, and the curre bisects CDinE- 

II. If from any points T^ T', T% &c., on a tangent A F, lines bft 
'Lawn to the curve pardld to the diameter^ these lines TM^ T* M , 
2''3/", &c., called tangent deflections^ will be to each other as the 
squares of the distances AT, A T'f A T'\ &c. frora the tangent 
point A. 

III. A line ED (fig. 37), drawn from the middle of a chord AB xa 
the curve, and parallel to the diameter, may be called the middle ordi 
note of that chord ; and if the secondary chords A E and BE he drawn, 
the middle ordinates of these chords, K G and L H^ are each equal to 
\ED. In like manner, if the chords A K, KE, E L, and LB hq 
drawn, their middle ordinates will be equal to ^K G Qv \^Ia EL. 

17. A tangent to the curve at the extienvvX:^ q1 «^ xecv^?^'^ w^s»»^»^ 
is parallel to the chord of that ordmata. T\v\kA "MY^.VW'^^^^'^^ '^ 
curxe at E^ is parallel to AB. 
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y. If any two tangents, sis A C and Z? C, be bisected iu Ai aiid i^, 
the line iLf^, joining the points of bisection, will be anew tangeut, iw 
middle point E being the point of tangency. 

85. Problem* Ghen tlie tangents A C and B C, equal or unequal^ 
[fig. d(>>) and the chord A Dt to lay out a parabola by tangent d^flectiotis. 



Fig. 36. 




Solution, Bisect A B in D^ and mciisurc CD and tlic angle A CD \ 
or calculate CD * and A CD from the original data. Divide the tan- 
gent A C into any number n of equal parts, and call the dcflectiun 
2M/for the first point a. Then (§ 84, II.) the deflection for the sec- 
ond point will be T' M' = 4 a, for the tliird point T" M" == 9cj, and 
so on to the nth point or C, where it will be n^a. But the deflection 
at this last point isCE =^CD (§ 84, I.). Tlicreforc, ««a = C E, 
and 

CE 



a = 



n' 



Having thus found a, we have also the succeeding deflections 4 a, 9 Oi 
16 a, &c. Then laying off at T, T', &c. the angles A TM, A Tf M* 
&c. each equal to A CD, and measuring do\vn tlio proper deflections, 
just found, the points Jl/, ^/', &c. of the curve will be determined. 

The curve may be finished by laying off on A C produced n parta 
^ual to those on A C, and the proper deflections will be, as before, a 
multiplied by the square of the number of parts from A, But bii 



♦ S/i/cc CD ia drawn to the niidtUe of the \)aae ol Vha lAaa^t'^it A liC^'iwiXMw:*,^^ 
fJ*ttUivtry, CI}2 ^ i (J C2 -r B 6'2) — A D\ 
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•a^icr way generally of finding points beyond ^ is to divide tlie sec- 
ond tangent B C into equal parts, and proceed as in the case of A C. 
If the number of parts on ^ C be made the same as on J. C, it is obvi- 
ous that the deflections from both tangents will be of the same length 
for corresponding points. The angles to be laid off from B C most, 
of course, be equal to B CD. 

The points or stations thus found, though corresponding to equal 
distances on the tangents, are not themselves equidistant. The length 
of the curve is obtained by actual measurement • 

86. Problem* Given the tangents A C and B C eqital or unequal, 
{Ji^. 37,) and the chord A B^ to lay out a parabola by middle ordinatea. 



Fig. 37. 




Solution, Bisect AD'in Z), draw CA ^nd ^ts middle point E will 
be a point on the curve (§ 84, 1.). /> ^ is the first middle ordinate, 
and its length may be measured or calculated. To the point E draw 
the chords A E and BE^ lay off the second middle ordinates GiTand 
HLy each equal to \D E {^ 84, III), and K and L are points on the 
curve. Draw the chords AK^ K E^ E L^ and L ZJ, and lay off third 
middle ordinates, each equal to one fourth the second middle ordi- 
nates, and four additional points on the curve will be determined. 
Continue this process, until a sufiicicnt number of points is obtained 

87. Problem* To draw a tangent to a parabola at any station. 

Solution. I. If the curve has been laid out by tangent deflections 
(4 85), let M"' (fig. 36) be the station, at which the tangent is to be 
drawn. From the preceding or succeeding station, lay off, parallel to 
CD, a distance M" Not EL equal to a, the first tangent de.^<5.<:*2J6». 
(4 85), and M'" N or M'" L wiU be l\\e tVi«\v\\T<i^ \a.Tv^w.v 'Yt^a ws^r. 
Aing may be done by laying off from t\\^ stc^^iw^ ^\a.^\wv -a. ^v%n»sv^ 
J/^T^:^ 4 a, or at the Miird stauon a (\\^Vaxv<i^ Ci P *='^o-*'' ^^ 



68 PARABOLIC CURVES. 

required tangent will then pass throngh T* or G. It will be seeii) 
also, that the tangent at M'" passes through a point on tho tangent at 
A corresponding to half the number of stations from A to 3/'" ; that 
is, M"f ia/our stations from Ay and the tangent passes through T\ 
the second point on the tangent A C, In like manner, 3/'" is six sta- 
tions from By and the tangent passes through G, the third point on the 
tangent B C. 

II. If the curve has been laid out by middle ordinatcs (^ 86), the tan- 
£:ciit deflection for one station is equal to the last middle ordinate made 
use of in laying out the curve. For if the tangent A C (fig. 37) were 
divided into four equal parts corresponding to the number of stations 
from A to E^ the method of tangent deflections would give the same 
points on tho curve, as were obtained by the method of ^ 86. In this 
cuse, the tangent deflection for one station would be a = w CE t=s 
inDE] but the last middle ordinate was made equal to \GK ox 
IS D E, Therefore, a is equal to the last middle ordinate, and a tan* 
gent may be drawn at any station by tlie first method of this section. 

A tangent may also be drawn at tlie extremity of any middle ordi- 
nate, by drawing a line through this extremity, parallel to the chord 
of that ordinate (§ 84, IV.). 

88. In laying out a parabola by the method in ^ 85, it may some- 
times be impossible or inconvenient to lay off all the points from the 
original tangents. A new tangent may then be drawn by § 87 to any 
station already found, as at M'" (fig. 36), and the tangent deflections 
a, 4 a, 9 a, &c. may be laid off from this tangent, precisely as from the 
first tangent. These deflections must be parallel to CZ), and the dis- 
tances on the new tangent must be equal to T' iV^ or iV"il/"', which 
may be measured. 

89. Problem* Given the tangents A C and B C, eqttal or unequal^ 
(Jitf 38,) to lay out a parabola by bisecting tangents. 

Solution. Bisect A C and B CinD and F, join D F, and find E, the 
middle point of D F. E will be a point on the curve (^ 84, V.). We 
have now two pairs of what may be called second tangents, A D and 
D E, and E F and FB. Bisect ADixi G a^nd D Em H, join V By 
and its middle point 3/ will be a point on the curve. Bisect E F Wid 
FB in AT and Z, join ATL, and its middle point iVwill be a point on 
/be curve. We have now four pairs of third tangents, A G and G My 
'ifZZand ^Bf E K and KN, and N L and L B. TiVstcX ^iwi\i ^^vc vtv 
^.j'oln the points of bisection, and the mU\d\e po\tv\s ot X\i^ V^vyCvciijl 
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ham Bill be fout new poiats, J/', HI", N", and N'. The came mei 
111^7 be continued, uilil dBuiBcient nnmber DTpoinU is obCaiBed 




90. PrOblCDI. G!veiiOalangaiUACandBC,tqaidoi 
i rig. S9,} and lie chord A B, to loji out a parabBlai^ in 




ScJuluin. Bisect ABin D, draw CD, and bisect it in E. Dirido 
Ihe tangenis A Cand BC, the balT-chords ^ D and DB, and the line 
CE, into the same namber of eqnal paru , five, (or example. Then 
the intersection Afof-io and Fff will be a point on the carve. For 
FM = i Ca, and Ca - I CE. Therefore, FM = h CE, which is 
the proper dcflec^on from (lie tangent at F to the carve H 85). lu 
lite manner, the intersection NoTA b and HKtoaj be shown to be a 
point on the curve, and tbe same is true of all the similar intersectlong 
indicated in the flgnre. 

If the line DE were also divided into feia eopji^iKrta,**"*--^! ^o 
•roald 6e intersected in if on the cnwe^ij aXme&twiTO.Uwa'B'*™^ 
a', tl)e Ilae A i woali be intersected in N onftva qnr^tVj »■*»«■ 
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from B through &', and in general any two lines, drawn from A and 6 
through two points on CD equally distant from the extremities Caiid 
Z), will intersect on the curve. To show this for any point, as M, it ib 
BuflScient to show, that B a' produced cuts F G on the curve ; for it 
has already been proved, tliat A a cuts F G on the curve. Now 
Daf :MG = B D'.BG = 5:9, or MG=ID a'. Bat Da' = I C £. 
Therefore, MG = is C E. Again, F G : CD = A G : A D = IP 
Tlierefore, FG = lcD = lCE. We have then FM = FG — 
MG = 1 CE — isCE = is CE. As this is the proper deflection 
from the tangent at F to the curve (§ 85), the intersection oi Ba* witli 
F G is on the curve. This furnishes another method of laying out a 
parabola by intersections. 

91. The following example is given in illustration of several of tlic 
preceding methods. 

Example. Given ^ C = J5 C = 832 (fig. 40), and 4 iB = 1536. to. 
lay out a parabola AEB. We here find CD = 320. To begin witli 
the method by tangent deflections (§ 85), divide the tangent A C into 

eight equal parts. Then a = -^ ~ eT ~ ^'^' -^^^ ^^ from tlic 
divisions on the tangent F\ = 25, G2 =4 X 25 = 10, ^3 =■ 
9 X 2.5 = 22.5, and iC4 = 16 X 2.5 = 40. Suppose now tnat it is 
inconyenieut to continue this method beyond K. In this case we tha} 



rig. 40 




///Ida new tangent at E, by bisecting A C and C C (^ 89\, and draw- 
^»^ ^Z through the points of bisection. "D\\\de 1\\g it\^^ Xaa^^wx 
^ iA£> -^ 384 into four equal parts, awCi \&y o^ ^tvjxiv KR ^<i 
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Bame tangent deflections as were laid off from A K, namely, J/5 =» 
22.5, iV6 = 10, and 07 = 2.5. To lay off the second half of the 
curve by middle ordinates (§86), measure E B = 7S4A9. Bisect 
E B in P, and lay off the middle ordinate P li = \D E = 40. 
Measure E R = 386.08, and BR = 402.31, and lay off the middle or- 
dinates S T'and V \V, each e(inal to ^P R = 10. By measuring the 
chords E T, T R^ R W, and WB, and laying off an ordinate from 
each, equal to 2.5, four additional points might be found 



AuTiCLE II. — Radius op Ccrvatdre. 

92. The curvature of circular arcs is always the same for the same 
arc, and in different arcs varies inversely as the radii of the arcs. 
Thus, the curvature of an arc of 1,000 feet radius is double that of an 
arc of 2,000 feet radius. The curvature of a parabola is continually 
changing. In fig. 39, for example, it is least at the tangent point A^ 
the extremity of the longest tangent, and increases by a fixed law, un- 
til it becomes greatest at a point, called the vertex, where a tangent to 
the curve would be perpendicular to the diameter. From this point 
to Zi it decreases again by the same law. We may, therefore, con- 
sider a parabola to be made up of a succession of infinitely small cir- 
cular arcs, the radii of which continually increase in going from the 
vertex to the extremities. The radius of the circular arc, correspond- 
ing to any part of a parabola, is called the radius of curvature at that 
point. 

If a parabola forms part of the line of a railroad, it will be necessa- 
ry, in order that the rails may be properly curved (§ 28), to know 
how the radius of curvature may be found. It will, in general, be 
necessary to find the radius of curvature at a few points only. In 
iihoTt curves it may be found at the two tangent points and at the mid- 
dle station, and in longer curves at two or more intermediate points 
besides. The rails curved according to the radius at any point should 
be sufficient in number to reach, on each side of that point, half- way to 
the next point. 

93. Problcni. To find the radius t^* curi'ature at c,vrrV.am '^VjJiKkvs^ 
on a parabola. ^ 

Soiution. Let AEB (fig. 41^ be «LTvy ^SLT^X^Oi'iv, ^w^^^"^ ^^ ^^^ 
guircd to fimj the radii of curvature aX a cerXwoi x^xwsJ^^'^ ^ 

I 
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from A to E. These stations mast be selected at regular intervali 
from those determmed by any of the preceding methods. Let n de 
note the number of parts into which A. Eva divided, and divide CL 
into the same number of equal parts. Draw lines from A to the points 



Fig. 41. 




of division. Thus, if n = 4, as in the figure, divide CD into four 
equal parts, and draw AF^AE^ and A G. Let AD =^ e^AF ^^ Ci 
AE = C2, A G ^ Csf and A C = T. Denote, moreover, CD by a 
and the area of the triangle A CB by A. Then the respective radii 
for the points J?, 1, 2, 3, and A will be 



22 = 






3 

I 

A 



722 = 



C2- 



/?n = 






The area A may be found by form. 18, Tab. X.; c and T are known 
and Cj , C2 , C3 may be found approximately by measurement on a figure 
carefully constructed, or exactly by these general formulae : — 



&C. 



n n' 

n n' 

r«-c» (n — 5)rf» 
n n' 

r« _ c« (n — 7) (f* 



n 



n' 



&c. 



i? wii7 ^e seen, that each of these values is formed from the preceding, 
'adding the same quantity — - — , and BuUraclitvg -^m\!\\:vv\\^ m 
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All tho quantities, wliicb enter into the expressions for the radii, are 
Qow known, and the radii may, therefore, be determined. The same 
method will apply to the other half of the parabola. 

The manner of obtaining the preceding formulse is as follows. The 
Kulius of curvature at any given point on a parabola is, by the Differ- 

cntial Calculus, 72 = 2^1^ 3 ^ 1 in which p represents the parameter of 

the parabola for rectangular coordinates, and E the angle made with 
a diameter by a tangent to the curve at the given point. First, let tho 
middle station E (fig. 42) be the given point. Then the angle E is tho 



Fig. 42. 




angle made with ^ D by a tangent at E^ or since A Bis parallel to 
the tangent at E (§ 84, IV.), sin. E = sin. ADE = sin. BDE, Lei 
p' be the parameter for the diameter E D. Then, by Analytical Ge 

ometry, p = p' sin* E, Therefore, at this point R = 2an.^ E ^ 

pi rfn.2 E 

id' 



8ain.3 J? 
c3 



2 Bin. £ ' 



But p' = -^-^ = Fd . Therefore, 72 = j^^ 



e3 



■^ erf sin E~ H'"^ since A = cd Sin. E (Tab. X. 17). 

Next, to find Ri , or tho radius of curvature at 77, the first station 
from E, Through B draw F G parallel to C A and from F draw the 
tangent FK. Join A K, cutting C7> in L. TV\K^^x<2i^^V'*x.>oaa.V^^ 
been proved for the radius of curxaVure «A. E^^^ V-scs^ Snx "^^ ^«^^^^ 

ofcnrvRture at 77, 7?i = a F K • ^^"^ ^ ^ *" 
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n — i . n^ or A G = --- X AL. But ^ Z = c, . For, since ^ /^ — 
—^ X AC, the tangent deflection FII = ^^ • 2 (^ S4»II-)» "^ 
FG = 2 FII = ^-^^^i^ </ Then, since CLiFG^ACiAF^ 

«:n — l,C/:--"jX /•'(; = ^^cf. Hencei:Z)=cf — ^^d 
=>-£/, tlmt is, J /i = C| . Substituting this value in tlie expreo- 

n — 1 

bion for A G cbove, we have A G =^ ^ c, • Moreover, since 

A F = —^ — X A C, and because similar triangles are to each other as 
tlie squares of their homologous sides, we have the triangle A F G *^ 

^'^^^^^ X A CL. But A CL : A C D = C L : CD == n — I : riy 01 



»- 



ACL^ "^ X A CD. Therefore, AFG = ^3— X A CD, and 

AFK = 2AFG == ^""^y^ XACB = --~3— A. Substituting 

A G3 
these values of A G and A F Km the equation Ri = jip^ 1 and re* 

r 3 

ducing, wc find 7i, = -r • I^J similar reasoning we should find 7?2 =- 

It remains to find the values of q , c^ , &c. Through A draw ^ JM 
perpendicular to CD, produced if necessary. Then, by Geometry, we 
have AD^ = AL*-{- LD'' — 2LDX LM, and ^ C* =- ^ /*« + 
CL* + 2 CL X L JL Finding from each of these equations the 
value of 2 L il/, and putting these values equal to each other, we have 
AL^+ LD^ — AD^ _ ^ C- — A L"- ^ C V- 
LD ~ CL 

n — 1 

AD = CyAC = jT, and CL = -— d. Substituting these vtUuea 
in the last equation, and reducing, we find 

T* (m-~1)c« (n — IJrf* 

By similar reasoning we should find 

2 r« (» — 2)c* 2 (n — 2)flP 

3 r« (n ~ 3)c« 8(n — 3)/i' 
<fic. &c. 



. But AL = CiiLD==^-d, 
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Fix>m these cquatioiks the values of c,', c,', C3* , &c given on page 72 
hve readily obtained. That given for C|' is obtained from the first ol 
these equations by a simple reduction ; that given for c^* is obtained 
by subtracting the first of these equations from the second, and reduc- 
ing : that given for C3' is obtained by subtracting the second equation 
from the third, and reducing ; and so on. 

94. Example Given (fig. 4\) A C = T =^ 600, B C= T' = 520, 
and AD = c = 550, to find It, li^ , R^ , 7^3 , and R^ , the radii of cur- 
vature at J^, 1, 2, 3, and A, 

To find CD = </, we have, by Geometry, (/« = J ( T* -h T' ") — c'-* 
which gives (P = 12700. 

To find the area of A CD = A, we have (Tab. X. 18) A =- 

^5 {i — a) {s — b) (» — c). 

« = 1110 3 045323 

s — a = 590 2.770852 

s — 6 = 510 2.707570 

s — c = 10 1.000000 



2)9.523745 
log. ^ 4.7G1872 

Ncxt^(r«-c«) = i(r+c) {T-^c) = ?M_^?i^ = 1437.5, awi 

ja 12700 

j^=» -jQ— = /93.<5. llien 

c« = 550« = 302500 

Ci» = 302500 -I- 14375 — 3 X 793.75 = 314493.75 

t^.« = 314493.75 + 14375 — 793.75 = 328075 

C3^ = 328075 + 14375 + 793.75 = 343243.75 

To find Ri we have R — -^.or log. R = 3 log. c — log. A. 

c = 550 2.740363 

c^ 8.221089 

A 4.7618 72 

A' = 2878.8 3.459217 

To find Ri , wo have Hi = ^ , or log. Ri =-2-log c,' — log. A 

A 
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In the same way we should find 722 ^ 3251.5, R^ » 3479.6, R^ a 
3737.5. 

To find the radii for the second part EBofike parabola, the same 
formulaB apply, except that T' takes the place of 21 We have then 

1 1070 y .— SO 

-JT'* - c«) = i{T' + c) (T - c) =. -~ - -8025 

Hence 

Ci« = 302500 — 8025 — 2331.25 = 292093.75 
cj« = 292093.75 — 8025 — 793.75 = 283275. 
Ca* = 283275 — 8025 + 793.75 = 276043.75 

c 3 8 

To find /i*| , we have /?| = -— , or log. i?j = x ^^S- ^i* — '®ff- -^ 



c,« =: 292093.75 


5.465523 


c.' 


8.198284 


A 


4.761872 


/2, =« 2731.6 


3.436412 



In the earae way we should find i?, = 2608.8, R^ = 2509.5, R^ «= 
2433. 

It will be seen, that the radii in this example decrease from one tan- 
(lent point to the other, wliich shows that both tangent points lie on 
the same side of tlie vertex of the parabola (^ 92). This will be the 
case, whenever the ant;lo D CD^ adjacent to the shorter tangent, ex- 
ceeds 90°, that is., whenever c* exceeds T'*+ d*. If B CD = 90°. 
the tangent point B falls on the vertex. If B CD'is less than 909^ 
one tangent ])oint falls on each side of the vertex, and tlie curvature 
will, therefore, decrease towards both extremities. 

95. If the tangents T and T' are equal, the equations for C|*, c,', &c 
will be more simple ; for in this case d is perpendicular to c, and 7*^ 
— c* = rf*. Substituting tliis value, we get 

^i ■* ^ "^ li^ » 



C^=-C,^+ .72^ 



1? 



&c. &c. 
^Snimjjle. Given, as in ^91, T = T' = B3^, c =- 1^% wA d 

i 
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320, to find tlic radii A', 2?i , and Rn at the points E^ 4, and A (fig. 40). 
Here ^ = cd = 245760, n == 2, and Cj* = c* + i J« = 615424 

Then 72 = 7d =T = a» = 1^43.2, i?» « 75 , and /?, - -^ 

c,« = 615424 6.789174 



erf = 245760 


8.683761 
5.390511 


i?i =. 1964.5 
r —832 


3.293250 
2.920123 


erf = 245760 


8.760369 
5.390511 



72, = 2343.5 3.369858 

J? 18 the radius at the point R also, and Rg the radius at the point B 
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CUAPTEll III. 

LEVELLING. 

Article L — Heights and Slope Stakes. 

96. The Level is an instrument consisting essentially of a telescop**, 
supported on a tripod of convenient lieight, and capable of being so 
adjusted, tbat its line of sight shall be horizontal^ and that the tel- 
escope itself may be turned in any direction on a vertical axis. The 
instrument when so adjusted is said to be set. 

The line of sight, being a line of indefinite length, may be made to 
describe a horizontal plane of indefinite extent, called the plane of the 
levd. 

The levelling rod is used for measuring the vertical distance of any 
point, on which it may be placed, below the plane of the level. This 
(distance is called the siyht on that point. 

97. Problem* To find the difference of level of two points, as A 

andB {fig. 43). 

Solution. Set the level between the two points,* and take sights on 
both points. Subtract the less of these sights from the greater, and 
the ditfcrence will be the difiTerencc of level required. For if F P rep- 
resent the plane of the level, and A G be drawn through A parallel to 
FP, J. F will be the sight on A, and B P the sight on B. Then the 
required difference of level BG = BP^J^G = BP-^AF 

If the distance between the points, or ilie nature of the groand, 
makes it necessary to set the level more than once, set down all the 
backward sights in one column and all the forward sights in another. 
Add up these columns, and take the less of the two sums from the 
greater, and the ditTerence will be the difference of level required. 
Thus, to find the difference of level between A and D (fig. 43), the 
level is first set between A and B, and sights are taken on A and jK; 
the level is then set between B and C, and sights are taken on D and 

* The level should be placed midway between the two po\T\tR, M^^etvvwjt^aBXAte, 
^ ^nlor to neutralize the effect of inaccuracy lu the ttdjvwtxueut c(l tX«b Vukb\jrosa!«»s 
'-r tilt- reason given In f 105. 
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lastly, the level is set between C and Z>, and sights are takcu 

on Cand D. Then the diflfcrenco c/ 
level between A and D is E D =» 
(B P -{■ KG ^ D) — (A F -{■ B 1 -if 
Nq, For E D = IIC — LC ^ 
IIM+MC—LC. 'BiitnM = LG 
= BP— AF, MC=KC — BI, 
&r\d LC= NO— OD. Substituting 
these values, we have E D = B P — 
A F + K a — BI-NC-\-OD^ 
{BP ^ KC 4- OlJ) — {AF-\- Bl 

98. It is often convenient to refer all 
hciglits to an imaginary level plane 
called the datum plane. This plane 
may be assumed at starting to pass 
tliroughjor at some fixed distance above 
or below, any permanent object, called - 
a bench-mark^ or simply a bench. It is 
most convenient, in order to avoid mi- 
nus heights, to assume the datum plane 
at such a distance below the bench- 
mark, that it will pass below all the 
points on the line to be levelled. Thus 
if ^ B (fig. 44) were part of the line to 
be levelled, and if A were the starting 
point, we should assume the datnm 
plane CD at such a distance below 
some permanent object near A^ as 
L .^" H would make it pass below all the points 

1 1^^^"/ °" *^'® ^'"°' ^^» ^^"^ instance, we had 

5^ ^*7 reason to believe that no point on this 

line was more than 15 or 20 feet below 
A, we might safely assume CD to be 
25 feet below tlie bench near A^ in 
which case all the distances from the 
line to the datum ijlatv^^ojsiJAVafii.^'Qf^- 
t\ve. Tax\g^ \i^^w^ Xiwv'^ Vs.>.^^^ «^* 
LBimlly divklcd into regular BtAtvoTis,0[ve\ve\^N. o^ ^"»^^ ^^ N^XwOcva^^w 
the datzim plane Is required. 




bo 



80 



LBVELLIN6. 



99. Problem* To find the heights above a datum plane of tlte aeu, 

end stations on a given line. 

Solution, Let A B (£g. 44) represent 
a portion of the line, divided into reg^« 
lar stations, marked 0, 1, 2, 3, 4, 5, &C'j 
and let CD represent the datam plane, 
assumed to be 25 feet below a bench- 
mark near A. Suppose the level to be 
set first between stations 2 and 3, and a 
sight upon the bench-mark to be taken, 
and found to be 3.125. Now as ttiis 
sight shows that the plane of the level 
E F is 3.125 feet above the bench-mark 
and as the datum plane is 25 feet be* 
low this mark, we shall find the height 
of the plane of the level above the da- 
tum plane by adding these heights, 
which gives for the height of EF2b -\' 
3.125 = 28.125 feet. This height may 
for brevity's sake be called the height 
of the instrument^ meaning by this the 
height of the line of sight of the instru- 
ment. 

If now a sight be taken on station 0, 
we shall obtain the height of this bta- 
tion above the datum plane, by sub- 
tracting this sight from the height of 
the instrument ; for the height of this 
station is C and C = -E C— E a 
Thus \i E0 = 3.413, C «« 28.125 — 
3.413 = 24.712. In like manner, the 
heights of stations 1, 2, 3, 4, and 5 may 
be found, by taking sights on them iu 
succession, and subtracting these sights 
from the height of the instrument. 
Suppose these sights to be respective- 
ly 3.102, 3.827, 4.816, G.052, and 9.016, 
and we have 
heiffht ofptiition = 28.125 — 8.413 — ^\."\^, 
" " 1 » 28.125 — 3.102 — 2^.0^a, 
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height of station 2 = 28.125 — 3.827 == 24.208, 
u u u 3 ^ 28.125 — 4.816 == 23.309, 
cc a u 4 ^ 28.125 — 6.952 = 21.173, 
una 5 ^ 28.125 — 9.016 =* 19.109. 

Next, set the level between stations 7 and 8, and as the height of sta- 
tion 5 is known, take a sight upon this point. This sight, being added 
to the height of station 5, will give the height of the instrument in its 
new position ; (oT G K ^ G5 -{■ 5K, Suppose this sight to be G 5 
= 2.740, and we have GK= 19.109 + 2.740 = 21.849. A point 
like station 5, which is used to get the height of the instrument after 
resetting, is called a turning point. The height of the instrument being 
found, sights are taken on stations 6, 7, 8, 9, and 10, and the heights 
of these stations found by subtracting these .sights from the height of 
the instrument. Suppose these sights to be respectively 3.311,4.027, 
a824, 2.516, and 0.314, and we have 

height of station 6 = 21.849 — 3.311 = 18.538, 
" " " 7 = 21.849 — 4.027 = 17.822, 
" " «* 8 = 21.849 — 3.824 = 18.025, 
" « «* 9 == 21.849 — 2.516 = 19.333, 
" « « 10 == 21.849 — 0.314 = 21.535. 

The instrument is now again carried forward and reset, station 10 
IB used as a turning point to find the height of the instrument, and 
fivory thing proceeds as before. 

At convenient distances along the line, permanent objects are se 
Icctcd, and their heights obtained and preserved, to be used as starting 
points in ar.y further operations. These are also called benches. Let 
a» suppose, that a bench has been thus selected near station 9, and 
that the sight upon it from the Instrument, when set between stations 
7 and 8, is 2.635. Then the height of this bench will be 21.849 — 
2.G35 = 19 214. 

1(X). From what has been shown above, it appears that the first 
thing to be done, after setting the level, is to take a sight upon some 
|»oint of known height, and that this sight is always to be added to the 
kr.own height, in order to get the height of the instrument. This first 
hight may therefore be called a plus sight. The next thing to be done 
is to take sights on those points whosft VvtK^Xa «t^ x^^\x^^^^s^^^"'*^ 
svhtract these sighta from the hc\ght o? lYv^ VasVtxicnv^'^x. A^ ^'^^'^ "^ '^ 
che required heights. These last s\g\vta tnvs \^v«t<i^Q^^'^'^ ^^"^ "^ 
iiffhtfi 
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101. The field notes are kept in the following form. The fint col 
amn in the table contains the staiionsj and also the benches marked 
B., and the turning points marked t. p.y except when coincident with 
a station. The second column contains the plus sigJda ; the iJtird col- 
umn shows the heif/lu of the instrument ; the fourth contains the minus 
tights ; and \.\\Qjiflh contains the heights of the points in the first col amn 



Station 


+ s. 


H.I. 


— 8. 


1 
IL 


B. 


3.125 






25.000 







28.125 


3.413 


24.712 


1 






3.102 


25.023 


o 
3 






3827 
4.816 


24.298 
23.309 


4 






6.952 


21.173 


5 


2.740 




9.016 


19.109 


C 




21.849 


3.311 


18.538 


7 






4.027 


17.822 


8 






3.824 


18.025 


9 






2.516 


19.333 


B. 






2.635 


19.214 


10 






0.3U 


21.535 



The height of the bench is set down as assumed above, namely, 25 
feetj the first plus sight is set opposite B., on which point it was 
taken, and, being added to the height in the same line, gives the height 
of the instrument, which is set opposite ; the minus sights are set 
opposite the points on which they are taken, and, being subtracted 
from the height of the instrument, give the heights of these points, as 
set down jn the fifth column. The minus sights are subtracted from 
the same height of the instrument, as far as tlio turning point at station 
5, inclusive. The plus sight on statfon 5 is set opposite this station, 
and a new height obtained for the instrument by adding the plus sighi 
to the height of the turning point. This new height of the instrnmem 
is set opposite station 6, where the minus sights to be subtracted from 
it commence. These sights are again set opposite the points on which 
ihey were taken, and, being subtracted from the new height of the hi 
Btrument, give the heights in the last column. 
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20i:. l^roMcm* To set slope slakes for excavations and embark 



'terriijf. 

S:»^ufton. Jjit A B II K C (fig. 45) bo a cioss-s^icVVoTv o^ ^l^to^wmA. 
^ntioii, mid let the centre cut A M =^ c, aT\d \\vc V\^^Jcv ol ^\v^ to«^ 
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bed HK s= h. The slope of the ^des BHox CK\& usually given by 
the ratio of the base KN to the height E N. Suppose, in the present 
case, tliat KNiEN =^^'.2^ and we have the slope = i . Then if 
the ground were level, as Z) il £, it is evident that tlie distance from 




the centre A to the slope stakes at D and E would hQ AD ^ AE ^ 
MK-\-KN=i^h 4- %c. But as the ground rises from A to C 
through a height C G ^= g^ the slope stake must be sci farther out a 
distance E G = ig; and as the ground falls from A to B through a 
height D F= gy the slope stukc must be set farther in a distance D F 

To find B and C, set the level, if possible, in a convenient position 
for sighting on the points vl, B^ and C. From the known cut at the 
centre find the value of AE^i^b-^-lc. Estimate by the eye the 
rise from the ccnti-e to where the slope stake is to be set, and take thiu 
as the probable value of g. To AE add 3 y, as thus estimated, and 
measure from the centre a distance out, equal to the sum. Obtain 
now by the level the rise from the centre to this point, and if it agrees 
with the estimated rise, the distance out is correct But if the esti- 
mated rise prove too great or too small, assume a new value for g^ 
measure a corresponding distance out, and test the accuracy of the 
estimate by the level, as before. These trials must be continued, until 
the estimated rise agrees sufficiently well with the rise found by the 
level at the con^esponding distance out. The distance out will then be 
J64-|c + i*7« The same couree is to be pursued, when the ground 
falls from the centre, as at £ ; but as g here becomes minuSf the dis- 
tance out, when tlie true value of g is found, will he AF = AD — 

For embankment, the process of setting %\o\k^?X^^^*^s>'^^^'''^^^^^^ 
for excavation, except tliat a rise iw \\\ci \gcov>LTvi^ Ixorca. <^^ <ie^Nx^ ^^2 
embankments corresponds to a /all otv <i^caN\x.\AOXk&^ ««^^ ^^^^^t^ 
This will be evident by inverting ftg^xt^ \^, \«\vv^cVv ^^ "^^"^^ 
5 
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an embankment What was before a faU to B^ becomes now a rtae^ 
and what was before a rise to C, becomes now a faU, 

When the section is partly in excavation and partly in embankment 
the method above applies directly only to the side which is in excava 
tion at the same time that the centre of the road-bed is in excavation 
or in embankment at the same time that the centre is in embank- 
ment. On the opposite side, however, it is only necessary to make c 
in the expressions above minus, becanse its effect here is to diminish 
the distance out The formula for this distance out will, therefore, be- 
come J6 — \c -\-%g. 



AJiTICL£ II. — CORKECTION FOR THE EaRTU'S CORVATUlili ASB 

FOR KeFRACTION. 

103. Let A C (fig. 46) represent a portion of the earth's sorfkoe 
Then, if a level be set at Aj tlie line of sight of the level will be the tan* 
gent A D, while the true level will be A C. The difference Z) C be- 
tween the lino of sight and the true level is the correction for the 
earth^s curvature for the distance A D, 

104. A correction in the opposite direction arises from refraction. 
Refraction is the change of direction which light undergoes in passing 
fh)m one medium into another of different density. As the atmos- 
phere increases in density the nearer it lies to the earth's surface, light, 
passing from a point 5 to a lower point A, enters continually air of 
greater and greater density, and its path is in consequence a curve 
concave towards the earth. Near the earth's surface this path may be 
caKen as the arc of a circle whose radius is seven times the radios of 
the earth.* Now a level at A , having its line of sight in the direction 
A D, tangent to the curve A B, is in the proper position to receive the 
light from an object at i5 ; so that this object appears to the observer 
to be at D. The effect of refraction, therefore, is to make an object 
appear higher than its time position. Then, since the correction for 
the eartli's curvature D C and the correction for refraction D B are in 
opposite directions, the correction for both will he BC ^ DG — D3. 

• Peirce'8 Spherical Astronomy, Chap. X., $ 125. It should be observed, how- 
ever, that the effect of refraction is very uncertain, var^Vcvg \«\\,Vv \S» utate of the 
atmospbere. Sometimea the path of a ray is even, ma&e ccm-v«iL VmweOta \StaA <«ki!^ 
' ^metiaea tbe ra^a are refracted hortEontaliy aa weU «a -vwViwaWt • 
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This correction most be added to the height of any object as deter- 
mined by the levcL 

105. Problem. Given the distance AD = D (Jig, 46), the radim 
of the earth A E ^ R^ and the radius of the arc of refracted light = 111% 
to find the correction DC ^ dfor the earth*s curvature and for refraction. 




Solution. To find the correction for the earth's cunrature D C, wc 
have, by Geometry, D C{D C + 2E C) = A V, or DC(D C+2Ri 
=s D*. But as DC is always very small compared with the diameter 
of the earth, it mny bo dropped from the parenthesis, and we hav*: 

DCX 2R — D^, or DC=2l^, The correction for refraction D B 
may be found by tlic metliod just used for finding D C, merely chang- 
ing R into 7 R. Hence D D 






i)2 

j|-^ • We have then d ^ D C ^ 



or 






By this formula Table III. is calculated, taking R = 20,911,790 ft., 
as given by Bowditch. The necessity for this correction may be 
avoided, whenever it is possible to set the level midway between the 
points whose height is required. In tliis casc^ t^ nJcn.^ ^>aNa:s\s5ss* vscv 
each side of the level is the same, x\\c covTtc^voTkS n?*^ >a^ ^c^^^^^s^'^ 
Hll destroy each other. 
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Article IIL — Vehtical Curves. 

106. Vertical curv'cs arc used to round off tho angles fonaeil b\ 
the meeting of two grades. Let ^l Cand CB (fig. 47) be two grades 
meeting at C. These grades are suj>posed to be given by the rue per sta- 
tion in going in sonic particular direction. Thus, starting from A, tho 
grades of A C and C B may be denoted respectively by g and g^ ; that 
is, g denotes what is added to the height at every station on A C, and 
g' denotes what is added to the height at every station on CB ; but 
Biuce C ^ is a descending grade, the quantity added is a niinns quan- 
tity, and g' will therefore be negative. The parabola furnishes a very 
ainiplc method of putting in a vertical curve. 

107. Problem. Given the grade g of A C {Jig, 47), the grade >j 
vf CB^ and the number of stations n on each side of C to the tangent powa 
A at id Bi to unite these points by a parabolic vertical curve. 



Fig. 17 





t:^---"^ 


-----.^__ 






M' 


D . 



!•' 



II 



B 



Solution, Let yl j^ ^ be the required parabola. Through B and 6 
draw the vertical lines FK and 0/7, and produce A Cto meet jFR 
In F. Through A draw the horizontal line A K, and join A B, cot- 
ting C Hm D. Then, since the distance from Cio A and B is meas- 
ured horizontally, wo have AH= H Kj and consequently AD*a 
D B. The vertical line CD is, therefore, a diameter of the parabola 
(§ 84, 1.), and the distances of the curve in a vertical direction from 
the stations on the tangent A Far^ to each other as the squares of the 
number of stations from A (\ 84, II.). Thus, if a represent this dis- 
tance at the first station from /I, the distance at tho second station 

would be 4 a, at tho third station 9 a, and at B^ which is 2 n stations 

FB 

from A, it would bo 4 n* a ; that is, FB == 4 n'o, or a = ^-^ . To find 

^ It will then be necessary to find FB firal, T\\xo\x^ C ^craw ^\^ 
-''ontal line CG and we have, from tho C(\ua\ Inaiv^^ CFG t«v^ 
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A CH, FG=^ CU. But CHisthQ rise of the first grades in the n 

stations from A to C; that is, C£I «= n^, or F Cr « n^. G iJ is also 

the rise of tlio second grade g^ in n stations, but since g' is negative 

(i 106), we must put G i? = — w g'. Therefore, FB ^FG-\- GB 

msng — ng'. Substituting this value of i^Zi in the cquatiou for a, 

1 ng — ngf 

we have a = — ^-j^ — , or 

4n 

• 

The value of a being thus dcteimined, all the distances of the curve 
from the tangent AF, viz. a, 4 a, 9 a, 16 a, &c., are known. Now 
if T and 2'' be tlio first and second stations on the tangent, and vcrti* 
cal lines TP and T* P' ho drawn to the horizontal line -4 iv, the 
height TP of the firet station abo^'e A will be ^, tlie heiglit 2'' P* of 
the second station above A will be 2^, and in like manner for sue- 
eccding stations we should find the heights 3^, 4^, &c. As we have 
already found TM = a, T' M' = 4 a, &C., we shall have for the 
heights of tlie curve above tlie level of -4, MP = TP — TM=a 
g--a,M'P'=T'Pf'-T'M'=^2g — 4a, and in Uke manner for 
the succeeding heights 3g — 9 a, 4^ — 16a, &c. Then to find the 
grades for the curve at tlie successive stations from Ay that is, the rise 
of each height over the preceding height, we must subtract each 
height from the next following height, thus: {g — a) — =»=<7 — a, 
(25r— 4a) — (^ — a)=<7 — 3a, (35r— 9a) — (2^ — 4a) = f/ — 5a, 
(4g — 16 a) — (3g — 9 a) == g — 7 a, &c. Tfie successive grades for 
the vertical curve are, therefore, 

CF* g — <h ^ — 3a» ^ — 5a, g—la,&c. 

In finding these grades, strict regard must be paid to the algebraic 
signs. The results are then general; tliough the figure represents 
but one of the six cases that may arise from various combinations of 
ascending and descending grades. If proper figures were drawn to 
represent the remaining cases, the above solution, with due attention 
to the signs, would apply to them all, and lead to precisely the same 
fbrmulas. 

108. Examples. Let the number of stations on each side of Cla«.^ 
and let A C ascend .9 per station, and C B (ic^t^xA & ^^x ^NasCvcscv. ^«i5s«^ 

s — ^ 
» ^ J, y = .9, and gf = —.6. T\\wi, a = ^n" " 

** ,125, and the grades from A to B m\\ >a^ 
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g — a ■=.9 — .125 = .775, 
g — 3 a s .9 — .375 = .525, 
g — 5 a s= .9 — .625 =« .275, 
g— 7 a = .9 — .875 = j025, 
^— 9 a = .9 — 1.125 = — .225, 
^ — 11 o = .9 — 1.375 = — .475. 

A3 a second example, let the first of two grades descend .8 per itxir 
tion, and the second ascend .4 per station, and assume two stations (Hi 
each side of C as the extent of the curve. Here ^r = — .8, ^' = a, 

— 8 -^ 4 — 1 2 

and n = 2. Then a = ^'^g — ~8~ = — -15, and the fonr grades 
required will be 

g—a = — .8— (—.15)= — .8 +.15 = — .65, 
^r — 3o = — .8— (—.45)= — .8 + ^5 = — .3.% 
^ — 5a=: — .8— (—.75) = — .8 + .75 = — j05, 
^ — 7o = — .8 — (— 1.05) = — .8 + 1.05 = + .25. 

It will be seen, that, after finding tlie first grade, the remaining grades 
may be found by the continual subtraction of 2 a. Thus, in tlie first 
example, each grade after the first is .25 less than the preceding gnide, 
and in the second example, a being hero negative, each grade after 
the first is .3 greater than the preceding grade. 

109. The grades calculated for the whole stations, as in the fore- 
going examples, are sufiicicnt for all purposes except for laying the 
track. The grade stakes being then usually only 20 feet apart, it will 
be necessary to ascertain the proper grades on a vertical curve for 
these sub-stations. To do this, nothing more is necessary than to let^ 
and g' represent the given grades for a sub-station of 20 feet, and n the 
number of sub-stations on each side of the intersection, and to apply the 
preceding forraulce. In the last example, for instance, the first grade 
descends .8 per station, or .16 every 20 feet, the second grade ascends 
.4 per station, or .08 every 20 feet, and the number of sub-stations In 
200 feet is 10. We have then <; = — .16, <;' = .08, and n = 10. 

Hence a = ~~\-^ii^ = — 40 - = — .006. The fii-st grade is, there* 

fore, g — a = — .16-1- -006 = — .154, and as each subsequent grade 
increases .012 (§ 108), the whole may be written down without farther 
trouble, thus: — .154, —.142, —.130, —.118, —.106, —.094, —.082, 
—.Oro, —.058, —.046, —.034, —.022, —.010, -^ .002, +.014, +.026 
^.OfS, 'i-.050, -h.062, +.074. 
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Articlb IV — Elevation of tub Octeb Rail on Curves. 

110. Prolllcm. Given the radius of a curve Il,ihe gauge qf the 
track g^ and the velocity of a car per second v, to determine the proper ele^ 
vatioH e of the outer rati of the curve. 

Solution. A c;ir moving on a cunx of radius Ry with a velocity per sec- 

ond = r, has, by Mechanics, a centrifugal force == ^ • To counteract 

this force, the outer rail on a curve is raised' above the level of the 
inner rail, so that the car may rest on an inclined plane. This eleva- 
tion must be such, that the action of gravity in forcing the car down 
the inclined plane shall be just equal to tlie centrifugal force, which 
impels it in the opposite direction. Now the action of gravity on a 
body resting on an inclined plane is equal to 32.2 multiplied by the 
ratio of the height to the length of the plane. But the height of the 
plane is the elevation e, and its length the gauge of the track g, Tliis 
action of gravity, which is to counteract the centrifugal force, is, there- 
82 2tf 

fore, ~ -J— . Putting this equal to the centrifugal force, we have 
32.2 « «^ 



g — ji Ilcnce 

or 



ff^ 



S2.2 R 



If we substitute for 72 its value (4 10) R = ^ ^ , we have e ■« 
fi Q ^ 3^ 2 ~ .00062112^1;* sin. D. If the velocity is given in miles 
per hour, represent this velocity by J/, and we have v — "eo'x 60" 
Substituting this value of w, we find e = .0013361 g J/* sin. D. When 
g = 4.7, this becomes e = .00627966 M^ sin. D. By this formula 
Table lY. is calculated. In determining the proper elevation in any 
given case, the usual practice is to adopt the highest customary speed 
of passenger trains as the value of M. 

111. Still the outer rail of a curve, though elevated according to the 
preceding formula, is generally found to be much more worn than the 
inner rail. On this account some are led to distrust the formula, and 
to give an increased elevation to tlie rail. So far, however, as the 
centrifugal force is concerned, the formula is undoubtedly correct, and 
the evil in question must arise from other causes, — ca\is<i.* v4\\nsJcw ^x^ 
not counteracted by an additionaV eVevaXXoxv oS. >^^ wiX^x x-i^. '\>cs» 
principal of these canses is probably \mpTo\ie.T ^ tov^^^ ^sR.'pciR.^ ^ 
Two wheels, iramorable on an axle, w\d o? xVi^ «assi^ xia5^vo»- 
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no slip is allowed, pass over cqnal spaces in a given number of i^vo* 
lutions. Now as the outer rail of a curve is longer tlian the inner rail, 
the outer wheel of such a pair must on a curve fall behind the inner 
wheel. The first eflcct of this is to bring the flange of the outer wheel 
against the rail, and to keep it there. The second is a strain on the 
axle consequent upon a slip of the wheels equal in amount to the dif- 
ference in length of the two rails of the cur\'e. To remedy this, con- 
ing of the wheels was introduced, by means of which the radius of the 
outer wheel is in cficct increased, the nearer its flange approaches the 
rail, and this wheel is thus enabled to traverse a greater distance tlian 
the inner wheel. 

To find the amount of coning for a play of the wheels of one inch, 
let r and r' represent the proper radii of the inner and outer wheels 
respectively, when the flange of the outer wheel touches the rail. Then 
r' — r will be the coning for one inch in breadth of the tire. To ena- 
ble the wheels to keep pace with each other in traversing a curve, their 
radii must be proportional to the lengths of tlie two rails of tlie curve, 
or, which is the same thing, proportional to the radii of these rails. If 
R be taken as the radius of the inner rail, the radius of the outer rail 
will be 72 + 5^, and we shall have r : r' = 72 : 72 + ST* Therefore, r H 
+ r^ = r' 72, or 

72 

As an example, let 72 = COO, r = 1.4, and g = 4.7. Then wo have 

1.4 X 4.7 
W — r = ^Q ' = Oil ft. For a tire 3.5 in. wide, the coning 

would be 3.5 X .011 = .0385 ft., or nearly half an inch. Wheels 
coned to this amount would accommodate themselves to any curves 
of not less than GOO feet radius. On a straight line the flanges of tlie 
two wheels would be equally distant from the rails, making both 
wheels of the same diameter. On a curve of say 2400 feet radius, the 
flange of the outer wheel would assume a position one fourth of an 
inch nearer to the rail than the flange of the inner wheel, which would 
increase the radius of the outer wheel just one fourth of the necessary 
increase on a curve of GOO feet. Should the flange of the outer wheel 
get too near the rail, the disproportionate increase of the radius of this 
wheel would make it get the start of the inner wheel, and cause the 
ffange to recede from tho rail again. If the sliOTlcst radius were taken 

^OOfeet, rand g remaining the sainc,wc 8ho\i\d\io.\e r' — t « """^KftT" 
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« .0073, and for the coning of the whole tire 3.5 X .0073 = .0256 ft., 
or about tlirce tenths of an inch. Wheels coned to tliis amount would 
accommodate themselves to any cunro of not less than 900 feet radius. 
If the whecb are larger, the coning must be greater, or if the gauge of 
the track is wider, the coning must be greater. If the play of the 
wheels is greater, the coning may be diminished. Hence it might be 
advisable to increase the play of the wheels on short curves, by a slight 
increase of the gauge of the track. 

Two distinct things, therefore, claim attention in regard to the mo- 
tion of cars on a curve. The first is the centrifugal force, which is 
generated in all cases, when a body is constrained to move in a cur- 
vilinear path, and which may be effectually counteracted for any given 
relocity by elevating the outer rail. The second is the unequal length 
of the two rails of a curve, in consequence of which two wheels fixed 
on an axle cannot traverse a curve properly, unless some provision is 
made for increasing the diameter of the outer wheel. Coning of tho 
wheels seems to be the only thing yet devised for obtaining this in- 
crease of diameter. At present, however, there is little regularity 
either in the coning itself, or in the distance bet%vcen the flanges of 
wheels for tracks of the same gauge. The tendency has been to di- 
minish the coning,* without substituting any thing in its place. If the 
wheels could be made to turn independently of each other, tlie whole 
difficulty would vanish ; but if this is thought to be impracticable, tho 
present method ought at least to be reduced to some system. 

* Bush and Lobdell, extensive wheel-makers, say, in a note published in Appi»> 
tons^ 3Iecbanie'8 Magosdne for August, 1852, that wheels made by them for the MdW 
York and £He road have a coning of but oo« sixteenth of an inch. This ccming ou 
a track of six £eet gauge with tlie ether data as given above, would suit oo curve 
of loM than a mile radius. 
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CHAPTER IV. 

EATl TIT- WORK. 

Article I. — Prismoidal Formula. 

112. Earth- WORK includes the regular excavation and embank 
ment on the line of a road, borrow-pits, or such additional excavatiom 
as are made necessary when the embankment exceeds the regular ex 
cavation, and, in general, any transfers of earth that require calcnla* 
lion. We begin with the prismoidal formula, as this formnla is fre- 
quently used in calculating cubical contents both of earth and masoniy. 

A prismoid is a solid having two parallel faces, and composed ci 
prisms, wedges, and pyramids, whose common altitude is the perpeQ* 
dicular distance between the parallel faces. 

1 13. Problem. Given the areas of the parallel faces B and B , 
the middle area My and the altitude a of a prismoid^ to find its solidity S. 

Solution, The middle area of a prismoid is the area of a section 
midway between the parallel faces and parallel to them, and the alti- 
tude is the perpendicular distance between the parallel faces. If now 
b represents the base of any prism of altitude a, its solidity is aft. If 6 
represents the base of a regular wedge or half-parallclopipedon of alti- 
tude a, its solidity is ^ a 6. If 6 represents the base of a pyramid of 
altitude a, its solidity is ^ a &. The solidity of these three bodies ad 
roits of a common expression, which may bo found thus. Let m rep 
resent the middle area of cither of tlicse bodies, that is, the area of a 
section parallel to the base and midway between the base and top. In 
t^e prism, to = 6, in the regular wedge, m = J 6, and in the pyramid, 
m = ^ b. Moreover, the upj^er base of the prism = 6, and the apper 
base of the wedge or pyramid = 0. Then the expressions ah^^ab% 
und \ah may be thus transformed. Solidity of 

prism = a6 = ?X66 = -(6+6 + 4 6)=?(6 + 6+4J»2). 

6 6 C ' 

wcUge =ia6 = -X 36 = -(0f 6 + 26) =?(0+6 + 4fn), 

6 6 6 

VT^mid =^ iad =5 X 26 =5 (0 -V b -\-b^ = ?. ^Q J^. \> a^ V tr:^. 

6 6 C^ 
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Hence, the solidity of cither of these bodies is found by adding togcth • 
er the area of the upper base, the area of the lower base, and four 
times the middle area, and multiplying the sum by one sixth of the 
altitude. Irregular wedges, or those not half-parallelopipedons, may 
be measured by the same rule, since they are the sum or difference of 
a regular wedge and a pyramid of common altitude, and as the rule 
applies to both these bodies, it applies to their sum or difTcrence. 

Now a prismoid, being made up of prisms, wedges, and pyramids of 
common altitude with itself, will have for its solidity the sum of the 
solidities of the combined solids. But the sum of the areas of the 
npper and lower bases of the combined solids is equal to B -{- D'j the 
Bum of the areas of the parallel faces of the prismoid ; and the sum of 
the middle areas of the combined solids is equal to J/, the middle area 
of the prismoid. Therefore 

6 



Article II. — Borrow-Pits. 

114. For tlie measurement of small excavations, such as borrow- 
pits, &c., the usual method of preparing the ground is to divide the 
surface into parallelograms * or triangles, small enough to be consid- 
ercd planes, laid off from a base line, that will remain untouched by 
khc excavation. A convenient bench-mark is then selected, and levels 
taken at all tlie angles of the subdivisions. After the excavation ie 
made, the same subdivisions are laid off from the base line upon the 
bottom of the excavation, and levels referred to the same bench-mark 
ore taken at all the angles. 

This method divides the excavation into a series of vertical prisms, 
generally truncated at top and bottom. The vertical edges of these 
prisms are known, since they are the differences of the levels at the 
top and bottom of the excavation. The horizontal section of the 
prisms is also known, because the parallelograms or triangles, into 
which the surface is divided, are always measured horizontally. 

1 1 5. Problem. Given the edges It, /ij , ayid h^ , to Jind the s6Lidii.\ 



• If the ground is divided Into xwitangles, «ja \a ^wvewMk-^ ^«fi»^'«^^ «^'«» ^'^^ 
made 27 feet, or flome multiple of 27 teet, ttio cot^tenXA tsi«s ^» cJ<a^»«»s^'*' 
oubio yards, by merely ojUtting the factor *£l Va ^* ca\«:>a\iw\ift^ 
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SoJ a vertical prism, whether truncated or not^ whose horuoniai section is 
a triaiigie of given area A, 



Fig. 48. 




Solution. "Wlicn the prism is not truncated, we have h = hi = h^* 
The ordinary rule for the solidity of a prism gives, therefore, S =^ Ah 
= A X h {h -h hi -\- hn). AVhen tlie i>rism is truncated, let ADC 
F G IJ {Cii;. 48) represent such a prism, truncated at the top. Through 
the lowest point A of the up))er face draw a liorizontal plane A D E 
cutting off a pyramid, of which the base is the trapezoid B L) EC^ and 
the altitude a perpendicular let fall from A on D E. Represent this 
perpendicular by />, and we have (Tab. X. 52) the solidity of tlic pyra- 
mid = |;>X UDEC = \pXDExh(BD-\- CE) ^ J/>X 
DEx H^^H- CE) = yl X i {BD + CE), since J/i X DE 
^ ADE = A. But ^ {BD-\- CE) is the mean height of the rerti- 
cal edges of the truncated portion, the height at A being Ilcnco 
the formula already found for a prism not truncated, will apply to tho 
portion above the plane A D A\ as well as to that below. The samo 
reasoning would a])ply, if the lower end also were truncated. Ilcnco, 
for the solidity of the whole prism, whether truncated or not, \vc have 



DT 



S=AXl{h-\-hi-\- h.). 



1^6. I'i'ohtCMn* Given the eihm h, h^, h«, and h^^to jlnd tfcia 
^^Y^'d^ S of a vertical prism^ v-hether (runcalcd or nol,uaoae ImrVzondol 
*W'^>» *s a paraiiciogram of given area A, 
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JSoivtion, Let B H (fig. 49) represent such a prism, whether tnui- 
e&tcd or not, and let the plane B FED divide it inio two triangulo} 



Fig. 49 




prisms AFll and CFll. The horizontal section ot each of chest 
prisms vdW be J Ay und if A, /i, , h^ , and h^ represent tlie edges to which 
they are attached in the figure, we have for tlicir solidity (S 115) 
AFII^^A X H/* + /'i-f /'3),and C/V/ = Jvl xi(^+''2 + 
^3). Therefore, tlie whole prism will liave for its solidity <S = J-A X 
J (A 4- 2/ii 4- /i2 4- 2/13). Let the whole prism be again divided by 
the plane AE G C into two triangular prisms BEG and DE G 
Then wo have for these prisms, BEG = hA x i(^4-''i + ^2)1 
and D E G ^ ^A X i ('* + ^'2 + ''3)1 and for the whole prism, S = 
J -4 X I (2 /i + A, 4- 2 /ia 4- /'a)- Adding the two expressions found 
for 5, we have 2 <S> == J -4 (A 4- Aj 4- /ij 4- A3), or 

^- 5= ^ X 4 (/' + ''1 + ^2 + ^3). 

It will be seen by the figure, that J (A 4- Ao) = /v -£ = J (Aj 4- Aj), 
or A 4- ^2 = ''1 + ^3 • The expression for S might, therefore, be re- 
duced to iS = -4 X J (A 4- ^2), or 5 = yl X J (*i + ^3)- ^«^ *** 
the ground surfaces A B CD and E F G 11 are seldom perfect planes, 
it is considered better to use the mean of the four he\^Vv^^v5v%^R»-^ ^ 
Uic mean of two diagonally opposite. 

117, Corollary. When a\\ tl^e prisma o^ ^xv ^-l^^^^^ss^^' 
the same horizontal section A^ t\\e caYcxxVaXXoTi o^ ^"^^ '^'^^ ** 
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may be performed bj one operation. Let figure 50 be a plun of such 
un excavation, the heights at the angles being denoted by a, Oi , Os, 6, 
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Fig. 50. 

6, ,&c. Then the solidity of the whole will be equal to \A multi- 
plied by the sum of the heights of the several prisms (§ 116). Into 
this sura the corner heights o, Cj, 6, 65, c^, rf, and d^ will enter but 
once^ each being found in but one prism ; the heights Oj , 64 , c, d^^d^^ 
and (fj will enter tivice^ each being common to two prisms ; the hcightb 
&i, &3, and C4 will enter three times, each being common to three 
prisms \ and the heights ^2 » Ci , Co , and C3 will enter fowr times, each 
being common to four prisms. If, therefore, the sum of tlie first set cA 
heights is represented by s, , the sum of the second by s^ , of tlio thiixJ 
by S3 , and of the fourth by s^ , we shall have for the solidity of all the 
prisms 



Article III. — Excavatiox and Emdankhekt. 

118. As embankments have the same general shape as excavations^ 
it will be necessary to consider excavations only. The simplest caso 
h when the ground is considered level on each side of the centre lino. 
Figure 51 represents the mass of earth between two stations in an ex- 
cavation of this kind. The trapezoid GBFII is a section of tlio 
.-zfo^s at the first station, and Gi Bi Fj 11^ a seclvou at the second sta^ 
^/on/ A Bis the centre height at the first stal\on, «lt\9l AvEY^^^aevxwi 
'rfftat the second station : U /7j F^ F is the ro»A-\icei, G GvB^B 'QLSft 
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surface of the ground, and GGiUiH and BBiFiF the plnnes form- 
ing tlie side slopes. This solid is a prismoid, and might be calculatcil 
by the prismoidal formula (§113). The following method gives the 
same rcf-ult. * 



A* Centre Ileiglds cdone given. 

119. l^rollleill. Given the centre heights c and Ci , Hie width of ^m 
road-bed 6, the dope of the sides s, and the length of the section /, to fUvX 
the soliditT/ S of die excavation. 




Solution. Let c be the centre height at yl (fig. 51 ) and Ci the height 
liX Ai . The slope s is the ratio of the base of the slope to its perpen- 
dicular height (§ 102). We have then the distance out AD — ^b -{• 
Bc, and the distance oat ^^ Z?| r= ^ 6 4. s C| (§ 102). Divide the whole 
mass into two equal parts by a vertical plane A Ai Ei E drawn 
through the centre line, and let us find first the solidity of the right- 
hand half Through B draw the planes B E Ei^ B Ai Ei, and 
/?J5i/\, dividing the half-section into three quadrangular pyramids, 
having for their common vertex the point B, and for their bases the 
planes AA^EiE^ EEiFi F, and ^ 1 J5i Fj J5?, . For the areas of these 
bases we have 

Areaof^^iF.F = JFFi X {AE-^-A^Ei) = J^(c + c,), 
« " EE, J'\ F ^EFx EEy ^^bl, 

« « A, B,F, E^ = iA^E,X (F,F,-VAvUv\ =\V^ev^ *'^^^- 

and for the perpendiculars from l\ie vencs^ B oxv ^^■e.^X^^'^.vis.. v«^^^'=^ 
c^Ac/i necessarv. 
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« " EExF^F r=^AE =c, 

• « AiBil'\Ei ^EEi^l 

p 
Then (Tab. X. 52) the solidities of the three pyramids arc 

B'AA,E,E = J(i& + *c) X i/(c + cO=U(i6c4-lfcc»-4 

B - A^BxF.E, = i / X i (^^1 + *<^i*) = H (^ci + »ci«). 

Their sum, or the solidity of the half-section, is 

i5 = J/ [i6 (c -1- cj + s (c» + ci« + cc,)l. 

Therefore the solidity of the whole section is 

5 = 1 ^2 Mc + c,) + s (c' + ci' + ccJI, 
or 

[^ 6^ = J / [6 (c + cj 4- i * (c' + ci« + ccJJ 

Wlicn the slope is 1 J to 1 , s = i » and the factor § a « I may be 
dropped. 

120. Problem* To find the solidity S of any number n of sucoeo- 

sive sections of equal length* 

Solution. Let c, Cj , Ca , C3 , &c. denote the centre heights at the suc- 
cessive stations. Tiien we have (§ 119) 

Solidity of first section c=JZ[6(c ^ a) -^ ^ s (c^ +Ci« + cci)]r 
" «» second section = J / [6 (ci -f Cn) -f i s (cj* 4- Cj' + c, Ci)|, 
** " third section = i / [6 (cj + C3 ) + § s (cj* + Cg* + Cj C3) j, 

For the solidity of any number n of sections, we should have } / mul- 
tiplied by the sum of the quantities in n parentheses formed as those 
just given. The last centre height, according to the notation adopted, 
will be represented by Cn, and the next to the last by Cn — 1. Collect- 
ing the terms multiplied by b into one line, the squares multiplied by 
§ s into a second line, and the remaining terms into a tliird line, we 
have for the solidity of n sections 

^^ 'S'=i/| 6(cH-2ci H-2C2H-2C3.. ..-i-2c„-i-f Cn) 

+ f 5 (c'-h 2ci«-l-2c2« + 2C3«.... + 2c«„-.i -Hc«,) 

-t is fcCi + C^Cj + CaCQ -\-C3C4....-VCn— \ c^. 

'*iu J ^ i, the factor § s = 1 may be droppcA. 
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Example, * Given / = 100, 6 = 28, s == i , and the stations and cen- 
tre heights as set do^vn in the first and second columns of the annexed 
table. The calculation is thus performed. Square the heights, and 
set the squares in the tliird column. Form the successive products 
ccj , CiC^, &c., and place them in the fourth column. Add up the last 
three columns. To the sum of the second column add the sum itself, 
minus the fii*st and the last height, and to the sum of the third column 
add the sum itself, minus the first and the last square. Then 86 is the 
multiplier of b in the first line of the formula, 592 is the second line, 
since § s is hero 1, and 274 is tlie third line. The product of 86 bj b 
^ 28 is 2408, and the sum of 274, 592, and 2408 is 3274. This mol- 
tiplicd by J / = 50 gives for the solidity 163,700 cubic feet 
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B. Centre and Side Heights given. 

121. When greater accuracy is required than can be attained by the 
preceding method, the side heights and the distances out (§ 102) aro 
introduced. Let figure 52 represent the right-hand side of an excavn 
dou between two stations. AAiDiB is the ground surface \ AE^c 
and -^1, El = cj are the centre heights ; B G = hand D^ G^ = A, , the 
side heights ; and d and c/i, the distances out, or the horizontal distan- 
ces of B and B^ from the centre line. The whole ground surface 
may sometimes be taken as a plane, and sometimes the part on cojcIn. 
side of the centre lino may bo so takctv*,* Wt nntv^vox ^^ ^v^tv^ ^jcc^-^^'Ci- 

* ItiB easy fci any giren ease to aaccTtaiu 'w\ieOc«x u «ral^«i ^Sftfi A^ Kv'^n'^ 
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sitions is sufficiently accurate to serve as the basis of a general method 
In most cases, however, we may consider the surface on each side ol 
the centre line to be divided into two triaogular pUnes by a diagonal 
passing from one of the centre heights to one of the side heights. A 
ridge or depression will, in general, detcn^ine which diagonal ought 
to he taken as the dividing line, and this diagonal must be noted in 
the field. Thas, in the figure a ridge is supposed to run from B to 
/li, from which the ground slopes downward on each side to A and 
Bi . Instead of this, a depression might run from Ato Bi, and tlic 
ground rise each way to ^Ij and B. If the ridge or depression is very 
marked, and does not cross the centre or side lines at tlie regular sta- 
tions, intermediate stations must bo introduced to make the triangular 
planes conform better to the nature of the ground. If the suifacc 
happens to be a plane, or nearly so, the diagonal may be taken in 
cither direction. It will be seen, therefore, that the following method 
is applicable to all ordinary ground. "When, however, the ground is 
very irregular, the method of § 127 is to be used. 

122. Prolllcm* Given the centre Jteights c and Cj , the svJe heights 
(m the rigid h and hi , on tfte left h' and h\ , the distances out on the right 
d and di , on the left d' and d\ , the width of the road-bed 6, the length of the 
section /, and the direction of the diagonals^ to Jind the solidity S of the 
excavation. 

Solution. Let figure 52 represent the right-hand side of the excava- 
tion, and let us suppose first, that the diagonal runs, as shown in the 
figure, from B to Ai. Through B draw the planes BEE^ BAiEi^ 
and B Ei Fi , dividing the half-section into three quadrangular pyra- 
mids, having for their common vertex the point J5, and for their bases 
the planes A Ai E^ E, E E^ F^ F, and A^ Bi F^ E^ , For the areao 
of these bases we have 

AxQikoiAAiEiE =- i E E^ x{AE'\- AiEi) «J/(c-eci), 
« ''EE^FiF =^EFxEEi «-!&/, 

and for the perpendiculars from the vertex B on these bases, produced 
when necessary, 

plane ; for If it is a plane, the descent froui AtoB will be to the descent tnxa Ai to 

/?! , as the distance out at the first station is to the distance out at the second 8t»i 

£/on, that Is, e — A : ci — hi bz d : di. If we had e = Q, h sa 6^ c^ « 12^ A^ m 8, 

^ « ^#, and (ii = 27, the formula would g\ve 3 : 4 « ^ •. 'H \«\i\s\i ^q-w^ \iXM»^ V3a» 

nmihne is not a plane. 
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T^ien (Tab X. 52) the solidities of the three pyramids arc 

B'EE.F^F =-iAxJ&/ ^llbh, 

D-A^B,F,E,^ll X i(diC,-\- l^hh,) :=\l{d,c,^-\hh,). 

Their sum, or the solidity of the haIf*section, is 

ll{dc-\- d^c^-^dc, + 6A4-i6Ai). (1) 

Next, suppose that the diagonal runs from AXo Di, In this case, 
through J5i draw the planes Z?, E^ E, B^ A E^ and Bi EF (not rep- 
resented in the figure), dividing the half-section again into three 
quadrangular pyramids, having for their common vertex the point 
Bi , and for their bases the planes AAiE^Ej E Ei Fi F, and ABFE 
For the areas of these bases we have 

ArQViotAAiE^E = ^EE^ X (AE-\- A^E^) = J/(c-hCi), 
" "^ EEiFiF ^ EFx EEi =J6/, 

•• ""ABFE ==iAE xd-^{EFY^K ^\^^\\^*\<\ 

and for the perpendicnUrs from Bi on l\we,*fe >a^<i»i ^^ofi*:^^^^ "'^^^ 
aecessary, 
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Pcipondicular on AA^JCiE ** EiOi^^di^ 

" ABFE ^EEi «(. 

TLen (Tab. X. 52) tho solidities of tlic three pyramids aro 

D^-AA,EiE=^ld,Xil{c-\'C,) «lMcfjC + iiicO, 
JJi-EE,F,F^ih, xibl =1/6/2,, 

n^'ABFE = J/ X J(^c4-i6A) = i/(Jc + J6A). 

Their sum, or the solidity of tlie half-section, is 

{ / (rfc + </i ci 4- c/j c 4- hhi + I W). (21 

Wo have thus found the solidity of the half-section for both direc 
tions of the diagonal. Let us now compare the results (1) and (2), 
and express them, if possible, by one foimula. For this purpose let 
(1 ) be put under the form 

i / [c/c + cf| c^ + ^ c, -f J 6 (A + ^, + A)l, 
and (2) under the form 

U[dc + d,c, + c?,c 4- J MA + ^ + h,)]. 

The only difference in these two expressions is, that dci and tho ladt 
h in the first, become d^ c and hi in the second. But in tho first cose, 
C| and h are the heights at the extremities of the diagonal, and d Is the 
distance out corresponding, to h ; and in the second case, c and hi are 
the heights at the extremities of the diagonal, and di is the distance 
ont corresponding to hi. Denote tlie centre lieight touched by the diagonal 
by C, the side height touched by the diagonal by Ily and the distance out cor^ 
res]X)nding to the side height II by D. "We may then express both «/C| 
and dichj D C, and both h and hihy H] so that tho solidity of the 
half-section on tho right of the centre line, whichever way the dia^ 
nnl runs, may be expressed by 

J / [J c + rfj C| + Z>(7 + J 6 (A -f A| + /7) 1. (8) 

To obtain the contents of the portion on the left of the centre lineb 
we designate the quantities on the left by the same letters used for cor- 
responding quantities on the right, merely attaching a (') to them to 
distinguish them. Thus the side heights are A' and h\ , and tho db- 
f/i/7ccs oat d' and d\ , wJiile Z), C, and U become D\ C, and J7'. 
The solidity of the /jaZf-scction on tho left ma^f ihet^i^wcft \«^\xikaL^ 
*^ ^-om (3), vi'hich will becomo 
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ll\d'C'{- d*, c,'{-D*C''\-ib (/i' 4- h\ + 3% (4) 

finally, by uniting (3) and (4), we obtain the following fonuola for 
the solidity of the whole section between two stations 



Example, Given / = 100, 6 — 18, and the remaining data, as ar 
ranged in the first six columns of the following table. The first pol- 
nmn gives the stations ; the fourth gives the centre heights, namely, 
c = 13.6 and C| = 8 ; tlie two columns on the left of the centre heights 
give the side heights and distances out on the left of the centre line of 
the road, and the two columns on the right of the centre heights give 
the side heights and distances out on the right The direction of the 
diagonals is marked by the oblique lines drawn from A' = 8 to C| == 6 
and from c = 13.6 to A^ = 12. 



Sta. 



1 


cP. 

21 
15 


A'. 


e. 


k. 


d. 

24 
27 


d + d>. 


(d + (/')«. 


D'C. 


i)t\ 


8\ 

4 


13.6 \ 
^ 8.0 


10 
^12 


45 
42 


612 
336 


168 


367J2 




12 12 168 






20 367.2 
54 X 9 = 486 


















6)1969.21 


) 





32820. 

To apply the formula, the distances out at each station are added 
together, and their sum placed in the seventh column ; these sums, 
multiplied by the respective centre heights, are placed in the eighth 
column ; the product ofd' = 21 (which is the distance out correspond- 
ing to the side height touched by the left-hand diagonal) by Ci = 8 
(which is the centre height touched by the same diagonal) is placed 
m the ninth column, and the similar product of </j = 27 by c = 13.6 
18 placed in the last column. The terms in the formula multiplied by 
J b are all the side heights, and in addition all the side heights touched 
by diagonals, or 8 + 4 -f- 10 -f- 12 + 8 + 12 = 54. Then by sub- 
stitution in the formula, we have ^=={xi00(612-t- 33G -V ^^ft. -^ 
367.2 + 9 X 54) = 32,820 cubic feel.* 



• TlM emmpJo hen givon is the same aa l\\%.l C8lc'«aa»^«0'^^ ^^- 
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By applying the rule given in the note to § Til, we see that the :inr- 
face on the Icfl of the centre line in the preceding example is a phuie ; 
since 13.6 — 8:8 — 4 —21 :15. The diagonal on that side might, 
therefore, be taken cither way, and the same solidity would be ob« 
taincd. This may be easily seen by reversing the diagonal in this eX' 
ample, and calculating the solidity anew. The only parts of the for 
mula affected by the change are Z)' C and J 6/7'. In the one case 
the sum of these terms is 21 X 8 -f- 9 X 8, and in the other 15 X 13.{' 
4-9X4, both of which are equal to 240. 

123. Problem* To fmd the solidity S of any nwniber n of succes 
eive sections of equal length. 

Solution, Let c, Cj , Cj , c^, &c. be the centre heights at the succes 
sive stations; A, Ai , A, > ^s > ^ *^6 right-hand side heights; h', h\ , A'» , 
h'a , &c. the left-hand side heights ; dyd^^d^^ds, &c. the distances out 
on the right ; and d\ d\ , rf'a , d'^ , &c. the distances out on the left. 
Then the formula for the solidity of one section (§ 122) gives for th<i 
bclidities of the p.ucccssivc sections 

l/[((f + rf')c + (^, + J'Jc, + />C4- Z>' C'-i- J6 (A + A, + /T-i 
A' +A', +//')!, 

lh-\-h\ + h'^ + H\)l 
li \(d^^d\) Co + (^3 +e/'3)C3 + ^2 Ci + D\ C\ + J6 (Aj + Ao \ 

U^ -f li'z + A'3 + n\)\ 

and so on, for any number of sections. For the solidity of any num 
bcr n of sections, we should have \ I multiplied by the sum of n pareu 
theses formed as those just given Ilcnco 

5={/(c£+c/')c-f2K + rf\)ci+2((/2 + rf'2)c2...4-(c/« + cf,)Ci 
-t-Z)C-f-/>'C' + ACx + /)'iC\ + AC2.f Z>'8C'j + &c 

+ J6 A + 2Ai-f2A2 + A« + i/4-i/i-t- A+&C 

+ h'-{-2h\+ 2 A'a . . + h'n + n'+H\'\-H'2 + &c 



tem of Uscfol FormolBB, &o.," page 187. It will be seen, that his caleulatioii 
CLo toJiCtity 22,460 cubic feet, which is 860 cubic feet lewe than the resiilt above. 
Tbia dWereace is owing to the omission, by Mi. I^oxOLeTi>ft m«V}l[x(A^ot«b^^tsndd Id- 
««/ At ihe four pyramldBy into which the upper potXion ot Qcw© "i\^v\A»aA \aa\ 
too is by tliat method divided. 
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Example. Giren / » 100, 6 = 28, and the remaining data as giveo 
in the first six columns of the following table. 



8ta. 



d'. 


A'. 


c. 


A. 
2 


d. 


d + d'. 


(d + d') c. 


I>CK 


DC, 


17 


2>,. 


2 


17 


34 


68 






I 


18.5 


3 


>*-r 


^5 


21.5 


40 


IGO 


68 


43 


2 


20 


4 _,..• 


^5_ 


^6 


23 


43 


215 


80 


92 


3 


23 


6-^ 


^5.. 


""8 


26 


49 


294 


115 


130 


4 


21.5 


b^ 


^^5 


>7 


24.5 


46 


276 


129 


147 


5 


20 


4-^ 


-^6-^ 


A 


.-^o 


40 


240 


120 


147 


6 


15.5 


1^ 


4-- 


" 3 


1S.5 


J4 


136 


93 


80 




25 35 






1389 


605 


639 




22 2^0 






1185 








52 87 






605 








69 102 






CS9 








109 






2394 








171 X 14 - 239. 


\ 




C)6212 




















103533 cubic feet. 



The daui in this table are arranged precisely as in the example for cal- 
culating one section (§ 122), and the remaining columns are calculated 
as there shown. Then, to obtain the first line of the formula, add all 
the numbers in the column headed {d-\-a') c, making 1389, and after- 
wards all tlie numbers except the first and the last, making 1185. 
The next line of the formula is tha sum of the columns D' C and 
D C, which give respectively 605 and 639. To obtain the first lino of 
the quantities multiplied by J 6, add all the numbers in column h, 
making 35, next all the numbers except the first and the last, making 
30, and lastly all the numbers touched by diagonals (doubling any one 
touched by two diagonals), making 37. The second line of the quan- 
tities multiplied by J 6 is obtained in the same way from the column 
marked h . The sum of these numbers is 171, and this multiplied by 
^A = 14 gives 2394. We have now for the first line of the formula 
1389 + 1185, for the second 605 + 639, and for the remainder 2394. 

100 
By adding these together, and multiplying the sum by I / == -g- , we 

get the contents of the six sections in feet. 

124. When the section is partly in excavation and partly in embank- 
ment, the preceding formulae are still applicable ; but as this applica* 
tion introduces minus quantities into the c«ic\3\^>Lva^^ ^^ SsJ^^-'kvjx^ 
method, similar in principle, is preferable. 

125. ProbEem. Given the widths of an excawrtlora oX O^ -^ 
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AF^w and Ai F, « to, {Jig, 53), the tide heights A and Aj, the length 
of the section /, and the direction of the diagonal^ to find (he eoUdity S of 
the excavationj when tite section is partiy in excavation and partlg in e?ii 

banhrtent. 



Fig. 53. 




Solution. Suppose, first, that the surface is divided into two tiiaii* 
glcs by the diagonal BAi. Through B draw the plane BAiKt, 
dividing that part of the section which is in excavation into two pyra 
rnids B^AAiFiF and B-Ai^BiF^t the solidities of which are 

S-il2liFjF«JAxJ/(M^ + trJ = J/(trA + »»*), 
B-AiB^Fi =J/XjtriAi ={/io,Ai. 

The whole solidity is, therefore, 

iS=J/(a;A + M;iAj + w^h) 

Next, suppose the dividing diagonal to run from 2I to ^i . Through 
Bi draw a plane Bi A F (not represented in the figure), dividing the 
escavation again into two pyramids, of which the solidities are 

B^'AAiF,F= \h, X J/fw + w,) = S/(wAi + iOjAi). 
Bi^ABF =i/xiM^A =i/tcA. 

The whole solidity is, therefore, 

S — ll{wh -\- Wihi 4- w hi). 

The only difference in these two expressions is, that uti A in tiie first 
becomes w hi in the second. But in the first case the diagonal touch- 
es toi and A, and in the second case it touches w and A|. If, then, we 
designate tho width touched by the diagonal by TF, and the height 
coached by the dJagonal by H^ we may express >ao\>\ Wv^^ ^^"^^ u>"K^Vj 
^^; so that the solidity in either case may "be ex^^^ase^ Vj 
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Corollary* When several sections of equal len^h snnoeed one 
another, the whole may be calculated together. For this purpose, the 
preceding formula gives for the solidities of the successive sections 

ll{wh +w7,Ai+ WU), 

and so on for any number of sections. Ilcnco for tlie solidity of aiiy 
number n of sections we should have 

TFj ZZj + &c.) 

Example, Given / s lOO, and the remaining data as givcu in the 
&r8t three columns of the following: table. 



Station. 


to. 


A. 


IT A. 


WIC 





2 


/I 


2 




I 


8< 


6 


4S 


8 


2 


10^ 


^7 


70 


56 


3 


13^ 


^7 


91 


70 


4 


9 


"^4 


36 


52 



10700. 



Tho fourth column contains the products of the several widths hy 
the corresponding heights, and the next column the products of thooe 
widths and heights touched by diagonals. The sum of tho products 
in the fourth column is 247, the sum of all but the first and the last is 
209, and the sum of the products in the fifth column is 186. These 
three sums are added together, multiplied by 100, and divided by 6, 
according to the formula. This gives the solidity of the four sectioxia 
=» 10700 cubic feet. 

126. AYhen tho excavation docs not \jcgva oxv «w\!lxv^ ^fv^^cx «sns^s». 
to tfjo centre line. Intermediate stations aT<^ \aJ«.cTv ^^<s^^ ^'^ «»r»^ 
don begins on each side of thp road-bed, and t\ie WitiXAO*^ m-K^^:*^ 

e 



lOS 
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lated as a pyramid, haviog its vertex at the first of these points, and 
for its base the cross-section at the second. The preceding method 
gires the same result, since w and h in this case become 0, and redace 
the fonkmlit to S -^ ilwihi . The same remarks apply to the end ol 
an excavation. 

C. Ground very Irregular, 

127. Problem. To find the aoUdity of a section, when the qromd 

is very irregular. 




Solution, Let A HB FE - ^i CDBxF^ Ei (fig. 54) represent oiie 
side of a section, the sarface of which is too irregular to be divided 
mto two planes. Suppose, for instance, that the ground chaoges at 
£r, (7, and Z), making it necessary to di\nde the surface into five trian- 
gles running from station to station.* Let heights be taken at 2^ (^ 
and Z), and let the distances out of these points be measured. If now 
we suppose the earth to be excavated vertically downward tfaroagh 
the side line B B^ to the plane of the road-bed, we may form as many 
vertical triangular prisms as there are triangles on the surface. This 
will be made evident by drawing vertical planes through the sides 



* It win often be xweessaiy to introdnoe IntenMO^batto «\».^tv%,\& «t^« ^a 
'^sabdirhiea bato trlaagleB more conveniently andeoranLteV^. 
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AC^lIC, HD^ and HBi . Then the solidity of the half-section wUl be 
oqual to the sum of these prisms^ minus the triangular mass BFG- 
Bx Fi Gi . 

The horizontal section of the prisms may be found from the distan* 
ces out and the length of the section, and the vertical edges or heights 
are all known. Hence the solidities of these prisms may be calculated 
by§ 115. 

To find the solidity of the portion BEG-BiF^Gi^ which is to 
66 deducted, represent the slope of the sides by s (§ 102), the heights 
a^ B and Bi by h and ^i , and the length of the section by /. Then 
we have F G ^ sh, and iF\ Ci = s ^i . Moreover, the area of BFG 
= J s A*, and that of B^Fi Gi ^ ^s hi*. Now as the triangles BFG 
and Bi Fi Gi are similar, the mass required is the frustum of a pyra- 
mid, and the mean area is <yj s h* X i » ^i' = J » A ^i . Then 
(Tab.X. 53) the solidity is BFG-B^F^ (7i = i/»(A«4- Aj' + AAj). 

Example. Given / = 50, & b18, s s= | , the heights at A^ i/, and B 
respectively 4, 7, and 6, the distances A H ^ 9 and JIB =: 9, the 
heights at Ai , C, D, and Bi respectively 6, 7, 9, and 8, and the distan- 
ces ^i C= 4, CD = 6, and DBi ^ 12. Then the horizontal sec- 
tion of the first prism adjoining the centre line is ^ / X ^i P> since the 
distance .^i C is measured horizontally; and the mean of the three 
heights is J(4 4-64-7)=J X 17. The solidity of this prism ia 
therefore J/X AiC X iXl7 = J/X4Xl7, that is, equal to ll 
multiplied by the base of the triangle and by the sum of tho heights, 
lu tills way we should find for the solidity of tho five prisms 

1/(4 X 17 + 9 X 18-f 5 X 23+12 X 24 + 9 X 21) = 8/ X 822. 

For the frustum to be deducted, we have 

i/X a(6«+8» + 6X8) =}/ X 222. 

Uence the solidity of the half-section is 

ll (822 — 222) = 1 X 50 X 600 = 5000 cubic feet 

128. Let us now examine tho usual method of calculating excavfr 
llon, when the cross-section of the ground is not level. This method 
consists, first, in finding the area of a cross-section ^.t ^^^ ^^\^<^ "^s^ 
mass; secondly, in finding the Ivdg^vX. ot «u %^Ki>C\wv., \coeV. ^^ ^"f" ^^ 
equivalent in area lo each of these cnOi seOAWv^N ^vt^'l-*'^^ ^^^ 
from tho averfigc of these two he\g\\ta V\ve mA^*^ ^^^"^ ^ 
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and, lastly, in applying the prismoidal formula to find the contents. 
The heights of the equivalent sections level at the top may be found 
approximately by Traiitwine*s Diagrams,* or exactly by the follow- 
ing method. Let A represent the area of an irregular cross-section, 
h the width of the road-bed, and s the slope of the sides. Let z be 
the required height of an equivalent section level at the top. The 
bottom of the equivalent section will be 5, the top 6 -{- 2 5 a;, and the 
area will be the sum of the top and bottom lines multiplied by half 
the height or -J a? (2 6 -h 2 sx) = s a:' + 6 x. But this area is to be 
equal to A. Therefore, s x^ -\- h x = A^ and from this equation the 
value of X may be found in any given case. 

According to this method, the contents of the section already cal- 
culated in § 122 will be found thus. Calculating the end areas, we 
find the first end area to be 38*7 and the second to be 240. Then as 
s is here f and 6 = 18, the equations for finding the heights of the 
equivalent end sections will be |- x^ -h 18 a; = 387, and | a;* + 18 a; 
= 240. Solving these equations, we have for the height at the first 
station x = 11.146, and at the second, a; = 8. The middle area will, 
therefore, have the height ^ (11.146 + 8) = 9.573, and from this 
height the middle area is found to be 309.78. Then by the prismoi- 
dal formula (§ 113) the solidity will be yS' = J X 100 (387 + 240 + 
4 X 309.78) = 31102 cubic feet. 

But the true solidity of this section was found to be 32820 cabio 
feet, a difference of 1718 feet. The error, of course, is not in the pris- 
moidal formula, but in assuming that, if the earth were levelled at tlie 
ends to the height of the equivalent end sections, the intervening earth 
might be so disposed as to form a plane between these level ends, thus 
reducing the mass to a prismoid. This supposition, however, may 
sometimes be very far from correct, as has just been shown. If the 
diagonal on the right-band side in this example were reversed, that is, 
if the dividing line were formed by a depression, the true solidity 
found by f 122 would be 29600 feet ; whereas the method by equiva- 
lent sections would give the same contents as before, or 1502 feet too 
much. 

D. Correction in Excavation on Curves 

129. In excavations on curves the ends of a section are not parallol 

^ A New Method of CUculating the Cubic ContAnti of 1&xc&.^«i^o^ va\ ^ aft \ w. T \ V . 
ofots by the aid orViagrama. By John C. Traulvrtn© 
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CO each other, but converge towards the centre of the curve. A section 
between two stations 100 feet apart on the centre line will, therefore, 
measure less than 100 feet on the side nearest to the centre of the 
curve, and more than 100 feet on the side farthest from that centre. 
Now in calculating the contents of an excavation, it is assumed that 
the ends of a section are parallel, both being perpendicular to the chonl 
of tlic curv'o. Thus, let figure 55 represent the plan of two sections of 



B. B H 




cu excavation, E F G being the centre line, A L and CM the extreme 
sule lines, and the centre of the curve. Then the calculation of the 
Qrst section would include all between the lines A^ Ci and Z?i Z>i ; 
vhile the true section lies between A C and B D. In like manner, the 
calculation of the second section would include all between H K and 
NP, while the true section lies between BD and L M, It is evident, 
therefore, that at each station on the curve, as at F, the calculation is 
too great by the wedge-shaped mass represented by KFO^ , and too 



Fig. 56. 




smaU bj Ute mass represented \>7 BvF U. '^"^^^ m^'*«^ 



>^ 
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each other, when the distances ont on each side of the centre line luv 
equal, that is, when the cross-section may be represented by A OF RE 
(fig. 56). But if the excavation is on Uie side of a hill, so that the 
distances out differ very much, and the cross-section is of the shape 
A D FD Ey the difference of the wedge-shaped masses may requirr* 
consideration. 

130. Pro1>lCin* Given tJie centre height c, the greatest side height A, 
f/ie least side height A', the greatest distance out (f, the least distance out d\ 
and the wi<kh of the road-bed 6, to find the correction in excaixUion (7, at 
any station on a curve of radius R or deflection angle D, 

Solution, The correction, from what has been said above, is a trian- 
gular prism of which B FR (fig. 56) is a cross-section. The height of 
this prism at B (fig. 55) is Bi'H^ the height at R is 7?i5', and the height 
at F is 0. Z?i II and R^ S^ being very short, are here considered 
straight lines. Now we have the cross-section B FR = FB EG — 
FREG = dcd + ibh) — iicdf -f ibh') = ic(rf- d') -f 
i 6 (A — h'). To find the height Z?, ZZ, we have the angle B FH « 
BFBx = Z>, and therefore iJx 77 = 2 777^ sin. D = 2rf sin. Z>. In 
like manner, R^S ^ KDx = 2 7^7" sin. D ^ 2d* sin. D. Then 
since the height at F is 0, one third of the sum of tlie heights of the 
prism will be | (rf -f- <7') sin. 7>, and the correction, or the solidity o\ 
the prism, will be (§ 115) 

C7= ljc(cf— c/') + 46(A — A')| X l(d^d')s\n.D, 



When R is given, and not Z>, substitute for sin. D its valoe (§ J) 
sin. Z) = ^ . The correction then becomes 

^- C=lic((f-c/') + |6(A-*')l xl5ii^±i^ 

This correction is to be added^ when the highest ground is on the 
convex sidp of the curve, and subtracted^ when the highest ground is oa 
the concave side. At a tangent point, it is evident, from figure 55, that 
the correction will be just half of that given above. 

Example. Given c = 28, A = 40, A' = 16, rf = 74, d* = 38, 6 « 28, 
and 7i = 1400, to find C Here the area of the cross-section BFR ^-a 

28 28 

^ (74 — 38) -f 1^ (40 — 16) = 672, and one third of the sum cf the 

/w/ffhts of the prism ia -3 x\^^^ -= | • ^^^^^^ C « ^-1^ >C ^ - 
'^ cubic feet 
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131. When the section is partly in excavation and partly in em- 
.Vmkmcnt, the cross-section of the excavation is a triangle lying 
wholly on one side of the centre line, or partly on one side and partly 
on the otlicr. The surface of the ground, instead of extending from 
D to D (fig. 5G), will extend from i? to a point between G and E^ or 
to a point between A and G» In the first case, the correction will be 
a triangular prism lying between the lines Bi Fond II F (fig. 65), but 
not extending below the point F, In the second case, the excavation 
extends below F^ and the correction, as in § 129, is the difference be- 
tween the masses above and below F, This difference may be ob- 
tained in a very simple manner, by regarding the mass on both sides 
oT Fas one triangular prism the bases of which intersect on the line 
G F {fig. 56), in which case the height of the prism at the edge be- 
low F must be considered to be minus, since the direction of this edge, 
referred to either of the bases, is contrary to that of the two others. 
The solidity of this prism will then be the difference required. 

132. Problem* Given the vndth of the excavation at tlie road-bed 
uf, the width of the road-bed b, the distance out i/, and the side height A, to 
find the correction in excavation C, at any station on a curve of radius R 
or deflection angle Z), when the section is partly in excavation and partly in 
embankment. 

Solution. When the excavation lies wholly on one side of the centime 
Uue, the correction is a triangular prism having for its cross-section 
the cross-section of the excavation. Its area is, therefore, ^wh. The 
height of this prism at B (fig. 56) is (§ 130) Bi H = 2 HF Bin. D = 
2 d sin. D. In a similar manner, the height at E will he2 G E sin. D 
«= 6 sin. Z), and at the point intermediate between G and E^ the dis- 
tance of which from the centre line is J 6 — ti7, the height will be 
2 ( J6 — w) sin. D = (b — 2w) sin. D. Hence, the correction, or the solid- 
ity of the prism, will be (§ 115) C= J wA X \ (2c£+6-t-6— 2m;) sin. D 
-^ iwhyd(d -^b^w) sin. D. 

When the excavation lies on both sides of the centre line, the cor- 
rection, from what has been said above, is a triangular prism having 
also for its cross-section the cross-section of the excavation. Its area 
will, therefore, be J w A. The height of this prism at B is also 2 d sin. D, 
and the height at E, b sin. D ; but at the point intermediate. l^^^Vr^^^i^jv k 
and G, the distance of which from the texv\.T^\\Tift\% u> — ^Vi^'^^^'^^^' 
wdl be2(w-^ib}sm.D = (2 uj — b^ sm. T>. ^^ '^^^'^'^^'^^^ 
be considered minus, it must be subtxatcl^iA txovcv ^«^ ^"^ ^^^^ ^>^ 
correction required will be C«itDK>c\V^<^"*«-^'~ 
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■s^toAx }(c/ + &~^) sin. Z>. Hence, in all cases, whea tlie seo- 
tion is partly in cxcaration and partly iu embankment, we have the 
formula 

ly C=J:nAXi(rf-i-6--tr) sin. A 

AVhcn R is given, and not D, sabstitnte for siu. D its value (4 0) 

50 
sin. Z) = ^ . T!ie correction then becomes 

This correction is to bo added, when the highest gronnd is on the 
convex side of the curve, and subtracted when the highest ground is on 
the concave side. At a tangent point the correction will be just half 
of that given above. 

Fzample, Given to «= 17, 6 = SO, cf «= 51, A » 24, and R « 1600, 
to find C Here the area of the cross-section i8iu>Asl7Xl2«» 

204, and one third of the sum of the heights of the prism is g^ 

100(51 + 80 — 17) 4 „ ^ „o- > * «^« t. r ^ 

"* 8x 1600 ~ 8* ^^^ce C = 204 X 8 = 272 cubic feet 

133. The preceding corrections (§ 130 and § 132) suppose the length 
of the sections to be 100 feet If the sections are shorter, the angle 
B FH (fig. 55) may be regarded as the same part of D that i^G is of 
100 feet, and BiFB&s the some part of D that JEJ JPis of 100 feet 
The true correction may then be taken as the same part of C'that tlie 
bum of the lengths of the two adjoining sections is of 200 feet 
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Article I. — ^Note to § 12, p. 5. 

When, as generally happens, the beginning of a curve does not 
fall at a full station, the first stake on the curve will be at the end of 
a sub-chord, and the sub-deflection angle will be the same part of D 
that the sub-chord is of a whole choi-d. 

In laying out a curve, there is an obvious advantage in having the 
several deflection angles whole minutes. When the deflection angle 
is assumed, whole minutes would naturally be chosen. But when D 
is found from /and 7* by § 11, it generally happens that D docs not 
come out even minutes. In such cases, unless it is absolutely neces- 
sary that the curve should commence at the assumed tangent point, 
it will be better to take D to the nearest minute, and calculate T for 
/and this new value of 2) by § 12. If, however, there is a sub-chord 
at the beginning of the curve, the sub-deflection angle will generally 
contain seconds, and if wo start from the tangent with the instrument 
set at zero, all the deflection angles will contain seconds, although D 
contains none. To avoid this, set the vernier back the amount of the 
sub-deflection angle, so that, when this angle is turned off, the instru- 
ment will read zero. All the subsequent angles will then be whole 
minutes. 

The usual mode of designating curves by their " degree," as given 
in § 6, is objected to by some, because when curves are laid out by 
chords shorter than 100 feet, as is usual ow ^\v^\^ csvix^'K?^^'^^ ^sr^'^^ 
of the curve is slightly increased, tYio\x^ \\.^ ^(e,^\«\v•a^C^^^vxvsxs^^^ 
smic If the aro of 100 feet is s\ibat\\.w\.e^ io^ ^^ ^^^^ ^^^^ ^ 
in tbedeGnitioD, this difficulty Tanisbiea-, \>^A «»Q '°^^^^^^^'^^' 
ties are introduced that the geneial aaiop^Vs^ <^^ ^^^'^^ 
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probable. Moreover, when American engineers use the metric sys- 
tem, as possibly they are now doing on Mexican roads, both these 
methods are inapplicable. We might designate a curve by the length 
of its radius, for this fixes the curve, however laid out, and any units 
of length may be used ; but when D is even, R is generally frac- 
tional, which makes it inconvenient for exact definition. The length of 
the radius is also an indirect designation, when curves are laid out by 
deflection angles. If the curve were designated by its deflection angle 
for a certain length of cltord, any length of chord and any units of 
length might be used, and the curve be still definitely described. 
Thus we might say : " Curve to the right, deflection angle for chords 
of 60 feet, 2° 10'," or, " Curve to the left, deflection angle for chords 
of 20 metres, V 35'." 



Article II. — Laying out Curves by Tangent Deflections. 



This method of laying out curves 
when due care is used, very accurate, 
line of the curve, and to prevent the 
conveniently long, new tangents may 
shown below. 

Let D be the deflection angle of 
(fig. 58) be any point on the curve 



is sometimes advantageous, and, 

To keep the work close to the 

tangent deflections becoming in- 

have to be found by the method 

the curve for a chord e. Let C 
distant from the tangent point 




>■ certain number of chords, whole or iractVouaX, ^cttfAfcft. V3 sw* 
tbe angle JBA O^nD^ and the cenlrai mi^^^ A O C «^^ta>. 
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We wish to find the distance on the tangent AB = a, and the tan- 
gent deflection ^B C = ft, in order to fix the point C, We have 

\c sin. 2nD 



a = CD = R sin. 2nD = 
5 = a tan. nD ■=. 



sin.i> ' 
\c sin. 2nD tan. wi) c sin.'wi) 



sin. D sin. i) 

In finding these values for successive points, the logarithm of 

•Ac c 

. ' ^ or of -^ — =, remains constant, which facilitates the computa- 

tions. The position of the stakes is best fixed by measuring the suc- 
cessive chords, instead of depending on the right angle at JB. 

A tangent T C at any point of the curve is readily obtained by 

measurinsc from A a distance A T= R tan. nD = — ; — =;— - • T 
should, of course, prove equal to A T, 

Article III. — Turnouts tangent to Main Line. 

The switch-rail in this case is to be considered a part of the turn- 
out curve, and the relation of its length to the radius of the turnout 
must be determined. Denote the length of the switch-rail by I, the 
throw of the switch by d, and the radius of the turnout by R, Then 
d is the tangent deflection of a curve of radius R-t ^ffj and, by § 18> 
a tangent deflection is equal to the square of the chord divided by 

twice the radius. .*. d = — =j ; whence if R is given to find L 

2R + g' 



1= i^(2R + g)d; 
or, if / is given to find the radius of the outer rail. 

For tumonts tangent to the main track a switch-rail of the fol- 
lowing kind has been used, and appears to have much in its favor. 
Suppose the length of the switch-rail as calculated above to be 20 feet. 
A rail of 30 feet in length is for 10 feet of its length spiked down 
or otherwise securely fastened on the main track, back from the tan- 
gent point, leaving 20 feet free for the switch-raiU TVwi^l'^w^ «s^$Ows«v^ 
thrown in the usual way, a curve la ionxifeA, '^YaOo-^Vorw^^'st^'^^'^'^' 
circular curve, but an elastic curve. T\ift Viic^vxi'aAXssa. ^"Ccv^^::^^ 
in the case supposed, would be aboMt lYitee-tovjxOck^ ol ^^"^ ^ ^ \3 
cular curve that meets it. If it be deskcA XJCi tm^^ ^^^ ^^ 
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tions equal, so that the two curves shall be tangent to each other, 
the free part of the switch-rail should be only three-fourths of the 
calculated length of I. Thus, in the case supposed, 15 feet instead 
of 20 feet would be left free, beginning as before at the tangent 
point. The switch-rail may, however, be made to take a circular 
form by suitable stops attached to the sleepers ; and the full length, 
as calculated above, will then, of course, remain free. 

To obtain the necessary formulae for turnouts when tangent to the 
main line, we have only to modify the formulae already given (pages 
32 to 46), by making S = and d=0. The switch-angle evidently 
vanishes, and though d still exists as the throw of the switch-rail, it 
vanishes at the new tangent point. The chord, called BF, will now 
give the distance from the tangent point on the main track to the 
point of the frog. The modified formula) will now be given. 

For § 50, i? given to find F and B F^ we have 



co^.F=:-^ 1^; BF= 



J^ + iff' "sm.iF' 

For § 51, i^ given to find Ji and BF, we have 



Bm.^F' ""sin. ^7^' 

For § 52, to find mechanically the position of a given frog, de- 
scribe the arc of 2 / from the tangent point on the main track, and 

10 I 

measure the chord, HKz=: — , directly from the inside of the main 

rail. 

§ 54 requires no change. 

g 56. This problem is to be now solved by § 36. 

For § 57, I., R of main track and i^ given, to find jBi^'and R of 
turnout from itmdc of curve (fig. 69), we have 

For § 67, n., H of main track and F given, to find BF&nd R ol 
turnout from oiUside of curve (fig. 60), we have 

^"^ ^-^- 2^a5T^' -^ ^ - -^VMTF ^ 
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11^ 



For § 58, same modification as for g 52. 
For § 59, B i^ given to find jP, we have 

sin.i7?^=-^. 

For § 60, 1., R of main track and 72' of turnout from inside of 
curve given, to find i^and BF (fig. 59), we have all the sides of the 
triangle EFK, namely, EK—R-R\ EF= J^ + ^, FK=: 
R'-ig. Therefore, by 15, Tab. X, 



tan. \F 



-/ 



Xr^ B! -\g)\g 



For § 60, II., R of main track and R of turnout from outside of 
curve given, to find i^and 5i^(fig. 60), we have all the sides of the 



Fig. 59. 





triangle EFK, namely, EK = R + R", EF=zR'-^ig, FK=s 
R + ig. Therefore, by 15, Tab. X., 



tan. ^EFK 



tan. \F 



=4/ 



Rx R' 



{R+R'+^g)ig' 
XR + R ' + ^g)^g 



or 



For § 62, R of main track, R, common Tau^Axva. ol ^^ \^xrcv^^^^ 
b:=jBG, the distance between ccntte \Vii^^ ol ^^ ^^^^^ j^ 
given, to Snd the angles ASC a»d BF Q axs.^^^ "^^^ 
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B C (fig. 61), we have all the sides of the triangle EFK, namely, 
EK=R - R\ EF= 2Ji\ FK= R + 72'- 6. The angles FJSR 



Fig. 61. 




and EFK may therefore be found by 16, Tab. X. Then AEC^ 
180° - i^jE'JSrand BFQ-EFK, and 

AC-'lK^m.\AEC; B C=2R' Bin,^BFC. 

§ 64. This problem is now the same as that of § 62, just solved. 

Article IV. — Double Turkouts. 

When two turnouts start from the same point of the main track, 
a third frog is needed where one turnout crosses the other. If the 
turnouts turn opposite ways, one of them may be treated as a turnout 
from the outside of the other, and then the case falls under the prob- 
lems already given for such turnouts. Or, the third frog may be 
placed with its point in the centre line of the main track, and its an- 

Fig. 62. 




"^ iWAT be taken aa made up of two angVea, Fi wad Fu, onft c«i ^»Ai 
of said centre line, as in figure 62. Qua ■ta^^^™^^^^'^^^ 
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two turnouts would, in general, be symmetrical, and Fi be equal to 
7^2. On a curved main track these partial angles may be made equal 
or unequal. In this way all the relations between the frog angles 
and the radii concerned may be determined by previous problems, sub- 
stituting ^^for^as the distance of the line JSC from either rail. 
Thus in the figure the radius of Ai JB and the partial frog angle Fi 
depend on each other ; so also do the radius of ^a -^ and the partial 
frog angle F^. When the curve B Fis not a continuation of the 
curve A I By the relation between its radius and the frog angle F is 
to be determined by considering J^i to be a switch angle and the curve 
B F to commence at the but-cnd of the frog. 

If both turnouts turn the same way, as in figure 63, the third frog 

Fig. 63. 




at F^ may be considered to be on a turnout A Fi F^ from the inside of 
the curve A F^ and the case falls under the problems already given 
for such turnouts. 

Article V. — Length op Parabolic Arcs. 



Fig. 64. 




The length $ of the paraboUo arc A B ^^. ^A^>1^«^ ^^«« 
J to a point £ irhosd rectangoLac oo'6v^iaaX«» ax^ ♦ss^'* 

J 
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^ = ^(f + t) "*■ ^ ^^p- ^°^- 



2y + 2V 



M) 



z 



or, introducing the angle i which the tangent at B makes with the 
axis of X, 



iy 



5 = —- [tan. i sec. i + hyp. log. (tan. i + sec. t)] ; 
or, by scries, 

"« = a; 






When y is small relatively to «, two terms of this series are often 
sufl&cicnt. Whence 



s 



2y2 



a X 



nearly. 



The length « of the parabolic arc A B (fig. 65) from the origin of 
oblique coordinates -4 to a point B whose oblique coordinates are x 

Fig. 65. 




and y, is given by the following formula, in which i is the angle made 
by the tangent at B with a line perpendicular to the axis of the para- 
bola, and j is the angle made by y with a perpendicular to the axis A X» 

aj^cos.y/ . ' J. - • . 1. 1 tan. t + 8cc.i\ 
= — - — - ( tan. I sec. i — tan. ? sec. j -f hyp. log. ; , 1 

4:1/ \ ^ J Jf O ^^^j ^ sccj/. 

In many cases a near approximation is 

. , 2 y-cos.^j 

8=zx + ysiiLj + — . -^ H^.. 

3 X + y sm. j 



s 



Article VL — ^Kote on setting Slop^ ^t^ssa. 

?3&e following proccaa is often of advantaige Vn. aeXto.^ i^n;^ %\aikMk 
'^e e^a reproBenta the operation at tliTee «t&\AOik»*. 
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Fig. 65 a. 
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Let C CC represent the datum plane, 
B C ^=. height of instrument = //, 
Ci> = height of road-bed = A, 
AB=. sight on the ground at the supposed 

place of side-stake = s, 
^ jD = the side cut (minus cuts arc fills) = c' ; 

Then in all three of the cases represented 
AI)=zBC-CB-AB, 
or c' = H — h — s. 

Having thus the side-cut or fill at the supposed place for a slope 
stake, we have for the distance out (slope 1.5 to 1) J = ^ 6 -I- f c'. 

For the same setting of the instrument H— hia constant for any 
one cross-section, and varies with h from one station to another. 

It is obvious that the cut or fill at any point between the side 
stakes can be obtained in the same manner. 



Article VII. — ^Expansion op Eails. 

The rails of a track exposed to a summer sun may rise to a tem- 
perature of 130* Fahrenheit. When, therefore, a track is laid at a 
much lower temperature, as is usual, provision for the expansion of 
the rails must be made by leaving a proper space between successive 
rails. The expansion of a bar of iron or steel may be taken as 
.000 007 of its length for evei7 degree of rise in temTjeroAMJt^i.. '^^^'^ 
space to be left between the raVla m\\ ^^rj V\>;Xv ^^ \^xv^^ ^'^ '^'^ 
rails and with the number oi dc?T^e^ \>^\o^ V^^" ^"^ "^"^ "^"^^T^!^^ 
when the track is laid. Suppose ^O-ie^X. t«:A% «c«i^»x^^^ o^vjso 
ture of 60\ Then the nunibei! oi deg^e^ ^^ ""^^^ ^^ 
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ture is 130°— 60° = 80°, and the space to be left between the rails is 
.000 007 X 80 X 30 = .0168 of a foot. In general, liet « be the space 
to be left, n the number of degrees that the temperature is below 130°, 
and I the length of the rails in feet, and we have 

8 = .000 001 n I. 

Article YIII. — Easing Grades on Curves. 

When a curve occurs on a steep grade, it is desirable to ease the 
grade on the curve, so as to make the joint resistance of the grade 
and curve equal to that of the grade alone on straight Unes. The re- 
sistance on a grade is proportional to the rise of the grade per sta- 
tion, and the resistance due to a curve can be represented as equiva- 
lent to that of a grade having a certain rise per station. The rise 
per station of the eased grade will be simply the original rise dimm- 
ishcd by the rise that represents the curve resistance. The resistance 
caused by curves varies greatly with the state of the track and 
the kind of rolling stock, and is variously estimated as equivalent on 
a 1° curve to that of a grade of .025 to .06 of a foot per station. 
For a curve of any other degree the resistance increases with the de- 
gree ; so that a 6° curve has six times the resistance of a 1* curve. 
As an example, let a rise of .04 per station be taken as the average 
resistance on a 1° curve, and suppose a 6° curve to occur on a grade 
of 1.6 per station. Then the reduced grade will be 1.6 — .24 = 1.36 
per station. 

Article IX. — Transition Curves. 

The object of a transition curve is to make the change easy from 
a straight line to a circular curve. The proper super-elevation of the 
outer rail on the circular curve is also arrived at by a gradual rise 
from the straight line. If this rise is to be uniform, the radius of 
curvature of the transition curve must be infinite at its beginning on 
the straight line, decrease in such a way that at any point of the curve 
it shall be inversely as the distance of that point from the straight 
line, and finally become equal to the radius of the circular curve 
where it joins that curve. Two kinds of transition curves have been 
employed — the cubic parabola and a compound circular curve. 

1. 77ie Cubic Parabola. 

Tbe cable parabola fulfils all the csaexitiaX Tec\\i\s\V^ ^«wtwDs3^ 
curve, JtB first application for thia pwposfe \a «ia<si\\i^ \il ^^Wk 
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kine (Civil Engineering, p. 651) to William Froude, who is said to 
have used it as early as 1842, although his first publication in regard 
to it was in the year 1860 or 1861. Subsequently Nordling published 
a full discussion of the curve in the Annales des Fonts et Chauss6cs 
for 1867, but without mentioning Froude. Sarrazin and Obcrbeck, 
in a small volume published in Berlin in 1874, give the German 
practice in the use of the cubic parabola, and ascribe its first use to 
Nordling. 

Let CD (fig. 66) be part of the circular curve of radius R. 
Let A B C hQ the transition curve, connecting the straight line at A 









Fig. 66. 
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with the circular curve, and let x and y be the rectangular coordi- 
nates of the transition curve with origin at ^. Let the rise of the 
outer rail be taken as unifonn for distances from A along the axis of 

X instead of along the curve, and let -r be the rate of rise. Then the 



X 

rise at any distance x from A will be -r- , and if p is the radius of 
curvature at the corresponding point of the curve, we shall have by 
§ 110, p. 89, ^ = -•^*''- , or p = 4^- . When the velocity v has 



32.2p 



32.2X 



1 Qlri 

been fixed, and also the rate of rise -.- , the quantity-^—- becomes a 
constant, and may be represented by P ; so that we shall have 
P= ^^, and consequently 



P 
X 



v5^ 
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By the differential calculus p = ^^ = ^^ (nearly) = ^ . 
Whence j— = jj , and, integrating once, we have 



^=^ (2) 

dx 2P' ^ ^ 



and, integi-ating again, 



x3 



« = _ . (3) 

^ 6P 



The value of F is now to be determined. It depends, as we have 
seen, upon the values assumed for the velocity of trains in fixing the 
elevation of the outer rail, and on the rate of rise in attaining that 
elevation, that is, on the values of v and i. Now, when the circular 
curve is of large radius, v would generally be taken greater than when 
the radius is small. The rate of rise also might be taken less m the 
first case than in the second ; so that both v and «, and consequently 
P, would be greater, the larger the radius of the circular curve. Ac- 
cording to Froudc, as given by Rankine, i may be taken as 800 ; 



whence F = i-?^— . For a = 4.7 and for a velocity slightly over 25 
32.2 

miles per hour, this would give P = 60 000, and for double this ve- 
locity F = 240 000. Nordling assigns values to P, accordmg to the 
general character of a road — whether it is one having generally cur\'es 
of short radius, or one having curves of large radius. For the first 
he gives P= 129 000, and for the second P=430 000; taking 
ff = 1.5m. =4.92 feet. For the same value of ^, Sarrazin and Ober- 
beck adopt for the first case P= 129 000; but in the second case 
they prefer P= 65.6 P, making P vary directly with P. All these 
values are for measures in feet. These examples may serve as a 
guide in assigning to P values suited to a particular road or to dif- 
ferent parts of it. The value of P having been fixed, equation (3) 
will enable us to find points on the curve corresponding to any as- 
sumed values of «. 

Certain properties of the cubic parabola are now to be established. 

Let AE= ahe the abscissa, and C E=:bhe the ordinate of the end 

C of the curve. We wish to find a when the radius P of the circular 

curve is given. Since the radius of curvature of the parabola at 

^ becomes equal to P. we have by equatvoii (1\ ^vittuv^ x:=^<iy 

^—p = —; whence a = — , 
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Next to find the tangent C Fat the end of the curve, call the an- 
gle C FE = a, and wc have by (2), putting x = a, tan. a = -/- = — • 

dz 2P 

From (3) we have 6 = — or P = — . Substitutini; this value of P, 

b h 

tan. a = :; — , and as tan. a = -ttt; , we have P^ = \a ; so that this 

tangent is readily drawn by making A F-=. |a. 

If the circular curve is produced to G^ where its tangent becomes 
parallel to A E^ we shall find that the abscissa AH oi the point G is 
■Ja, and that the curve at B bisects the line G H. Since C Fis also 
tangent to the circular curve at C, the angle COG= CFE=.a, 

and tan. a = — . Therefore CK=: HE = if tan. a = (72- K G) 

tan. a = i2 tan. a, nearly, since K Gis always small relatively to R, 
But we had above R =. — and tan. a = — . Substituting these 

F c? 
values we have HE z=z ^ x — z=z \az=: A H and the point H bi- 

a 2P 
sects a. To show that G His bisected at 5, we have only to show 
that G^ jy= ^6, since we know by (3) that the ordinate JBH=^b, 
Now GH=z CE-KG; but Cii'zrft, and by §26, p. U, we may- 
put ^6^ =--= -^ = |6, since 6 =-- . Therefore GH=b- 
^ SR SF * ' 6P 

ib = ib. 

To lay out the curve we may have the intersection angle /given, 

and the radius R of the circular curve assumed, to find A 1= T. 

P 
Having found a = — and also 6, we have T^AH-}- HI=: ^a + 

R 

OHtsiTL II. But OH=R+ GH=R + ib. 

.-. T = ia + (R + ib) tan. ^7. 

If /is given and the tangent T assumed to find 7?, assume a 
probable value of -Ja, neglect ^6, as small compared with i?, and 
compute R by the formula, 72 = ( T— ^a) cot. -J/ From this value 
of 72 compute the corresponding values of a and 5, and the length of 
Ty as abovo. If thereby the tangent point is changed too much., a 
nearer approximation to 72 may be ioxmii Vj VJaa \«t:^ss»Sa.^"^ ^- "^ ^=^ 
( T*— ia) cot if, usmg the -values ot a ^.cA \) \\>&\. \55«sA, 

Unm the track is laid, it m\\ ©iTicwCCVi \i^ ^^^'"^'^^^sfi.i.^. 
pointa Ay B, and 0. A \a ikve ^an^eiiX. ^mN*^^'^ ^^^ 
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are ^ and -|^, and of C they are a and 6. If more points are after- 
wards needed, values of y are to be found from the equation of the 

curve y = — for any assumed values of x. To run the circular curve, 

find the point F by measuring AF=^^a. Then F C is the tangent 
from which the circular curve beginning at C is to be run to meet the 
transition curve at the farther end. 

Curving the Rails. — The first rail on the transition curve may be 
curved by finding the deflection from the tangent by the formula 

y = , taking z equal to so much of the length of the rail as come? 

on the curve. If this does not exceed 8 or 10 feet, the curving will 

not be appreciable. For other rails the ordinary formula m = — 

8^ 

may be used, taking for R the mean of the radii of curvature at the 

two ends of the rail. These radii are easily computed by formula (1). 

The following method is more exact. Let A B (fig. 67) be the rail 
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to be curved. Let C on the axis of x be distant n rail-lengths from 
the origin, and i), also on the axis of «, be distant ?i + 1 rail-lengths, 
n being a whole or fractional number. Then if we represent by d 
the deflection from the tangent at the end of one rail-length from the 
origin, we have A C—nH and B D = (n -h Ifd, We then have 

m= aF^EF-EG. But ^i5^= i (^ (7 + 5i)) = -|(^* + **' 

-f- 3n« + 3rH- 1) = rf(»' + fn« 4- fn -f ^), and ^ (? = <f (n -t- i)«= 
d{n^ + \n^ + fn + i). Therefore 

m = |<^(2n + 1). 

In a similar way the ordinates JET/ and KL at the quarter points 
aiajr be shown to be, j^/ = </ (-i\ n. — ^^"J = V"- — I* ^^ K L -sa 
^^ -f- H) = ifn -h -^^d. The angle made \i^ ^\ie <3asst^ AB 
ft« axis ofx IB in general so Btnall tbsrt. tbeae oT^\m\«ft tdkjXj^ 
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measured at right angles to the chord instead of at right angles to 
the axis of x. If required, the angle in question can be found, since 



its 



tangent 



IS 



and the ordinates 



CD CD 

just found, being multiplied by the cosine of this angle, will give or- 
dinates at right angles to the chord. 



2. Compound Transition Curve. 

The transition curve is here formed of successive circular arcs in- 
creasing in curvature a certain amount for each chord. Tables for 
curves of this kind have been computed by Mr. A. M. Wellington 
(Railroad Gazette for March 11, 1881), ahd by Mr. Augustus Tor- 
rev, of Burlington, Vermont, printed in a small pamphlet. 

A curve of this kind, AB CD (fig. 68) may be readily laid out 
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by tangent deflections, measuring at the same time the successive 
chords. Let c represent the length of each chord, n their number, 
and let D be the deflection angle for the first chord, 2D that for the 
second chord, 3i> that for the third chord, and so on to the deflection 
angle for the last chord, which will be nD. Then it is easily seen 
that the angles 7\ A B, T^B C, T3 CD, &c., will be successively i>, 
4i>, 9i), 16i>, &c., up to n^D. Calling the required deflections from 
the tangent A /, c?i, (/a, c?3, &c., and recollecting that, since these an- 
gles are all small, wc may put sin. 4D = 4 sin. i>, sin. 9i) •= 9 sin. D, 
&c., we have c? 1 = c sin. i>, «/a = c?i + 4<r sin. D •= d\ + 4c?i = 5c?i, 
rfs =r efa + 9c sin. i> = 5c/i -f- 9c?i = 14i?,, &c., the successive deflec- 
tions being formed by multiplying the first by the terms of the series 
1, 6, 14, 80, 56, 91, &c., formed by the successive additions of the 
squares of the natural numbers. 

The projections A Ti, B 2\, C 2\, &<i., ^1 'Ooa ^"^x^^ ^s^sc^ ^'^ 
found thus. -4 7*1 = c cos. D, B T^ t=^ c «i^. ^J>^ C T^^ '^^'^-'^^ 
Ac, And the diffepenoea between t\ie c\iot^% ^sA ^«x ^^"^^^^^ 
beeil - cos.D\ <?(1 -. co8. 4D\ cV\ — co^.^X^Y^'^ ^^ 
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cles these corrections become — sin.' i), _ sin.' 4 D, — sin.' 92), &c., 
° 2 2 2 

orlsin.'i>, 16 x 1 sin.'i), 81 x i. sin.'i>, n*.i. sin.'i). 

2*22' 2 

The sum of all the projections represented hy AE (fig. 69) would 

therefore be 

nc-1. sin.' i){14 + 2^ + 3* + n!*). 

When the intersection angle / is given and the radius or deflection 
angle of the main or central curve is assumed, the deflection angle D 
and the tangent AI-=. T (fig. 09) are to be found. In the figure 

Fig. 69. 




the central curve M C is supposed to be run back to G^ where its 
tangent becomes parallel to A /, the radius (r to be drawn and pro- 
duced to H, and the common tangent F C ot the central curve and 
the transition curve A (7 to be drawn. Assume a suitable value for 
w, the number of chords in A C. Then, as we have seen, the deflection 
angle for the last chord on A C will be nD. For the first chord of 
the same length c on the central curve the deflection angle should be 
{n + l)D. Since the central curve is given, its deflection angle for 
a chord of the length c is known, and may be called D', We have 
tJien {n + l) D = D\ or 

D' 



D = 



n+l 



To find Tit will be necessary first to find CK= HE and J7&. 
C^=JiBin. COG. The angle CO G = EFC\a \\v^«Qm of all 
tbe central angles of the transition curve. C«iXV ^Xja^ ««dd^ «k «o^ '^^ 
^«// have a = 2JD (1 + 2 + Z n)—n{:n. -V \')T>^ ^^wlwi 
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CK=ffE= Rsm.{n*-^n)D. Nejt H G = B C - G K. But 
EO=dn = di{l + 4 + 9+ ...u«) = c?i(K + i»« + Jn) and GK 
= the chord GC xsm.\a. The chord G C may be taken = \nc 

since the number of chords of length e in the curve G^ (7 is ^ = 

\ n(n^i)D _ ,^ Therefore GKz=\nc sin. in (n + 1) D = 

(n+l)/> 
i (»« + ««)csin. D = i 0*» + n«) «?i. Wc hare then HG = EC— 

GKz=z d,{W + W + J» - iw» - in^ = ^(*'' ■*" ^''' "^ ^''^• 

We now have T =^ A H -h H I = A E -^ H E + HL AE 
and HE have been found, and HI = (i? + H G) tan. i/ = 

[i2 + ^ («» + 3n» + 2n)] tan. ^Z 

.-. r=n<?-|sm.»D(l + 2«+ n*) - iJ sin. (n»+w)i) + 

[i? + ^ (n» + 3?i« + 2n)] tan. ^7. 
■•12 

When / is given and T assumed to find R^ assume n, and in the 

expression for T neglect the second term and that part of the fourth 

term that represents H G, both of which are small, and consider Ji 

sin. (w* + «) 2) = ific (nearly). We then have 

T:= ^nc + JR tan. J/ (nearly) 

,\ Ji=z(T— ^ne) cot. i/ (nearly). 

From this approximate value of E compute the corresponding val- 
ues of D and di, and find T by the first formula for T, If thereby 
the tangent point is changed too much, a nearer approximation to R 
may be found by pubstituting in the formula for T the values of D 
and di just found. All its terms may then be considered known ex- 
cept R. 

To run the central curve we must be able to fix the tangent F C, 
This will be done if we find FE. Now FE= EC cot. EEC, 
We have already found the angle EFC= m=(n^ + n)D, and 
EC=zd^ 

.'. FE^dn cot. («« + n)D, 

The central angle of the central curve will be 2 G Q M— '^^^=' 
/- 2n(n +- l)i), andas(n + 1) D\a\)[ie ^t'^L^icNAWJLWv^^^'^*^^^^^^ 
for chorda equal to those on the transilVoxi cwr^G>^^ ^>3ss^^'«^^ 

chorda oa the central curve ^11 be ? -^, — VtxTP' "" V?^"^ 
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8. Remarks, 

In regard to both these transition curves it may be remarked that 
there would be certain advantages in having the diords e of the 
length of one or two rails, and, when the track is laid, in placing a 
joint at both ends of the curve. The ends of each rail would then be 
definitely fixed, and each rail could be more satisfactorily curved. It 
would also be easier to maintidn the track in its proper position, if 
the trackmen knew that the tangent points were at joints, and, when 
rails were renewed, the new rails would be more likely to be properly 
curved and placed in their true position. 

It has been lately said (see Railroad Gazette for December 24, 
1880), that German engineers find that the rails on their transition 
curves (cubic parabolas) are displaced near the tangent points by the 
shock of the wheels striking the outer rails, and, in order to counter, 
act tliis, they arc said to recommend putting half the super-elevation 
of the outer rail on the straight line and half on the parabola. May 
not the difficulty arise, at least in part, from too much play in the 
gauge of the track near the tangent points ? There would seem to be 
no reason why the gauge should not be kept close on the straight 
line up to the tangent point, since on the transition curve the 
*' widening of the gauge on curves " can be made gradually as the 
curvature increases. 



Article X. — To change a Tangent Point so that the Tangent 

MAY PASS THROUGH A GiVEN PoiNT. 

If the given point is at a considerable distance, let 2) (fig. 70) be 
the required tangent point, and C the given distant point. At a sta- 



JY^ 70. 
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tion A, back of i>, measure the angle BAG made by A C with the 
tangent at A, Then we shall have the angle B ADz=i\BAC^ very 
nearly. Or, by § 69, compute the length of the chord A JEJ and we 
shall have the chord AD:=\AEy very nearly. If the distance A C 
is known, we have EG=:AC— AE, and D C may then be found 
by § 80. 

If the point C is given hj A B =za (fig. 71 or 72), measured on a 
tangent at A, and BC=h^B,t right angles to A B^ draw CE parallel 
to ^ ^ to meet Ay produced if necessary. Then in the first case 





(fig. 71) we have the required angle A0D=2A0C--J)0C. But 



^ .,andcofl.i>(9C=^ = 



R 



tan. A C-^-^ - -^_^, -^^ - y^_^^j^_^y 

In the second case (fig. 72) we have the required angle A 0D=^ 

OD ^ 



DOC—AOa But cos. 2) C = 

a 



and 



tan.^ OC=Sr^ = 



EO B+ h 



Va^+(,E + bf' 
Hence, in both cases, the required 



angle ^ i> is determined. 



Article XI.— To connect Two CravES by a Common Tangent. 

When both curves turn the same way (fig. 78), run a line A B cut- 
ting both curves in such a way as to make the middle ordinates E O 
and EHsa nearly equal aa can conveniently be done. Measure A S 
= a and the tangential angles CA B — A wA I>"B A. — "&^ ^"^x 
E' F' be the required common taxigent, TwadL ^t«« O B ^^^__ ^^ 
pendicuhr to AJS^andF'K paiaWftV \o AB. "^"^^^^i -:.V 
ff^= Ji'. Then the reaulrcd ansAe C A E' ^^^ ^ - 



184 



APPENDIX. 



M^.73, 




iBOB'=iA + \E'F' JT, nearly. Now ten. E' F' K = 



EG'-FH 



ne 



aH ' 

any = —^ ^, . ^^ . Hence CA E is determinecL 

a^ R sin. A — R aui.£ 

We have also the angle PBF' =^B— ^E' F' K, 

When the curves turn opposite ways (fig. Y4), AH=:a should be nm 
outside the second curve, making FHba nearly equal to ^^ as can 



jFiy.74. 




conveniently be done. ^ JETmust be measured. Then the required ac. 
gle (7^ -T = \AOE' z=\A + \EOE' = \A-^\E'F'K, nearly. 
^owi^.E'F'K=E±^i^, nearly = ^n^n.^^A^FH 

Hence C AE' la determined. 

In both these cases E O has been supposed larger than FH, If 
jrG^is gm&Iler than FE^ the pohit E' will fall on the other side of 
J^ And the angle CA E' = \A — \W F' K. It \% oWwa \^V\&. 
*^t6 caaea, ii ^G \a exactly equal io FH, t\i^ wi*ft B' P' K^wsw 
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Article XII. — Note on the Computation op Eabth-wobk. 

The mode of computing carth-work on railroads by first finding 
equivalent level-top sections has already been examined in § 128, and 
the assumption made in appljring the prismoidal formula is shown to 
lead to possibly serious errors. Another assumption that forms the 
basis of many formulas, tables, and diagrams, is that the natural sur. 
face of the ground of such a section as that calculated in § 122 is a 
warped surface or hyperbolic paraboloid. The solidity is then com- 
puted by the prismoidal formula. Computing the section just referred 
to on this assumption, we find the solidity 31 210 feet. Now wo 
have seen in § 128 that, with the diagonal running in one direction, 
the solidity is 82 820 feet, and, with the diagonal running in the 
other direction, the solidity is 29 600 feet. The assumption of a 
warped surface gives, therefore, an exact mean between these two re- 
sults, being 1,610 feet too much or too little, according to the direc 
tion of the diagonal. Errors so great would not perhaps be conmion ; 
but they arc at least possible. 

The objection to these methods is that they involve general assump. 
tions as to the natural surface of the ground — assumptions that the 
engineer cannot readily test in the field for each section, or allow for, 
if seen to be wrong. No method would seem to he reasonably cor- 
rect that does not require all the data used in the computation to he 
obtained directly in the Jicld. Now the division of the ground into 
triangular planes, whether four as in § 122, or more as in § 127, sat- 
isfies this condition. Since three points determine a plane, it is 
comparatively easy to decide on the ground what height's should be 
adopted at the vertices, so that a triangular plane shall be a fair aver- 
age of the ground. Suppose the ground cross-sectioned in the usual 
way, and the actual cuts marked on the stakes and recorded. These 
cuts remain to guide the contractor in his work ; but the engineer is 
to examine each triangle, and see whether these cuts require any cor- 
rection in order to obtain a fair average of the surface. As he goes 
from section to section, two of the heights or cuts would in general 
be already fixed, and, standing at the third vertex, he readily de- 
termines whether the actual cut there should stand, or have one, two, 
three, or more tenths added or subtracted. The correction, if any^ 
may be noted in small figures over the actual cQ^.^^xA^^:^T^'^^''^^'s^ 
the heights are taken off for the compMiaWoTv^. , . 

Some additional labor is do\ibl\esa VoNoVie^ ^^ ^^^ ^^^^^ 
dJrectIf all the data required, and disv^^^^"^^ '^'^^^ ^^ ^^^ 
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sumptions ; but if justice to the contractor and to the company require 
such additional labor, the conscientious engineer will not hesitate on 
that account. The computations, as arranged in § 123, will be found) 
after a little practice, to admit of very rapid work. Of course, only 
final estimates require so much care. Preliminary estimates and the 
usual monthly estimates admit of rougher methods, such as simply 
averaging end areas. 
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TABLE II. 

LONG CHORDS. ) 69. 



Dogioeof 
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2 Stations. 


8 Stations. 


4 Stations. 


5 stations. 
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TABLE III. — TABLE IV. 



TABLE III. 

CORRECTION FOR THE EARTH^S CURVATURE AND 

FOR REFRACTION. 4 105. 
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TABLE IV. 

ELEVATION OF THE OUTER RAIL ON CURVED 

S 110. 
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T£BLB v.— iTABLB ▼!. 



This taUeb calculated for ^•. 4.7, if -43, and .S-IoaO'. For 
mala tor frog angle F, and chord BF, i iO; tor m, the middle or- 
dinate «t DFj^Sii for m', the middle ordinate for currinG; an 18 ft 
r«il,tSD. 



TABLE VI. 
LENGTH OF CIRCCLAK ARCS IN FAHTS OF BADID8 



L4 



TABLE VII. EXPANSION BY BEAT. 



TABLE VII. 



EXPANSION BY HEAT. 
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TABLES yni. AND TX. HEIGHTS BY ANEBOID BABOMETEB. 14S 

TABLES VUL AND IX. 

HEIGHTS BY AOTROID BAKOMETER. 

These tables facilitate the use of the fonnula given below for ob- 
taining the difference of height between two stations by means of the 
aneroid barometer. The formula and tables are taken from No. 12 
of the Professi(Hial Papers of the Corps of Engineers, (7. S. A. The 
aneroid barometers used are supposed to be adjusted to agree with 
a mercurial barometer at a temperature of 32° Fahrenheit, at the 
level of the sea, in latitude 45''. Frequent comparisons with a mer- 
curial barometer are highly desirable. Simultaneous observations of 
the barometers and of the temperature of the air are to be made at 
the two stations, or, if only one barometer is used, the observations 
should differ in time as little as possible. In both cases, repeated 
observations should be made, when practicable. 

Let Z = the difference of height of the two stations in feet. 
'* h = the reading in inches of the barometer at the lower station. 
u jy^^ " " " " " « " " « upper " 

** t and t' = the temperatures (Fahr.) of the air at the two stations. 

1 + g^Q J. 

Table VIII. contains the products of 60884.8 and the logarithms of 
any number of inches from 17 to 31, except that, as the characteristic 
of all these logarithms is one, this characteristic is omitted through^ 
out, because the difference of any two products is not affected thereby. 
Table IX. contains the values of the fraction in the last parenthesis 
of the formula for all values of < + <' from 30* to 189*. 

Example, Readings at lower station h = 29.63 in., t = 68° ; at 
higher station, J5r= 27.21 hi., f = 61°. 

Table VHI. gives for 29.63 28485.2 
« it « a 27.21 26250.8 



difference, 2284.4 

Table IX. gives for .IV^" .WL'L 

.\ Zss 22UA X 1.0722 =: ^^^^ iQ«!^ 
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TABLE Tm. FOB AXBBOID FOBBOILA. 
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TABLE YUI. FOB ANEBOID FOBMULA. 
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TABLE IX. 
FOR ANEROm FORMULA. 



TABU ixa. FBEirCH AND ESSLIBH HKABUBBS. 



4 - Is 3 ^ a 



=i|B|sli|iil 
iliil'i lillH 






53„ S S S • - V. 



iiiii 



li 



saBisasSS 






= -^1 -l-^i 5 ^ 
alt." I E I i I S 



J!-;--»ni|l|ii|!i 
1 1 i I -. 1 1 1 1,\ \\VC\C\\ \ 
5 £ e 4 a s a s 5_li&^^J;_ J 



TAIILB X. TRIGONOMETRICAL FORMULA 
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TABLE X. 

TRIGONOMETRICAL A2CD MISCELLANEOUS FORMULAE. 

Let a (fig. 57) be auy ocnto angle, and let a perpendicular D Che 
iruv^xi fixjni any point Id one side to the other side. Then, if the sidofl 



Fig. 57. 




of the right triangle thus formed are denoted by letters, as in tho fig* 
ore, we shall have these six formula) : — 



I. ein. -4 = — 

2. C08. A tai'T . 



'J. tan. A = 



b • 



4. cosee. A 

5. sec A 
0. COL A 



c 

» • 

u 
e 

> • 
b 
a • 



7 
6 
9 



GiTvu. 



a, e 



a, 6 
A^a 



10 I A, b 



Solution of Right Triangles (fig. 57). 



Sought. 
A,B,h 

AfDfC 
B,h,e 



Fonnulflo. 
in. ^ s J , COS. S = - , 5=a ^(c + a) (c — a). 



tan.il 



J , cot Z? = 5 , c « ya« -h 6^. 



f/?,fl, c a»900 — A, a=*b\tjLtv, A^ ^' 

f/i, a.A|o»900 — A, a«»c%\xv.A. b -^ « 
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TABLE X. TRIGONOMETRICAL AKD 



Soluthn of OUtque Triangles (fig. 58). 

IS 

fig. 5a 






OiVCD. 


12 


A,B,a 


13 


A,a,h 


14 


a,b,C 


15 


a,b,c 


IG 


A,B,C,a 


17 


Aj 6, c 


18 


a, 6, c 



SoagLt. 
6 

B 

A — B 



6=« 



a t)iu. R 



FormiiUc 



ain. B = 



area 
area 
area 



8iu. A 

b sin. A • 

..n I lA "m (« - ») IM i U + B) 
tan. i [A — D) = j^^-j 

Urn. A = ^^ . . 



a2 Bin. B uiE C 



area = 



28in.il 
area = ^&c sin. A. 
8=^i {a-\-b-\-c), arca=^s(s— a) (s— ^) (5 — c). 



Centred TrigonometricaJ FormvdcB, 



19 

20 
21 
22 
23 
24 
25 
26 
27 



sin.* A + COS.* J. = 1. 



2 eo6.« A — I. 



sin. (^ ± /^) = sin. A cos. Zi ± sin B cos. ^. 
COS. (^ ± J5) = COS. -4 COS. /i If sin. -4 sin. C 
sin. 2 J. = 2 sin. A cos. A, 
COS. 2 J. = COS.' ^ — sin.' A = \ — 2 sin A- 
sin.' J. = J — J COS. 2 yt. 
COS.' ^ = J -f J COS. 2 ^. 

sin. ^ + sin. B^2 sin. J (^1 + B) cos. J (^ — B). 
sin. ^ — sin. JB = 2 cos. J (^ + i?) sin. J (J — B). 
1281003. A +COS.B ^2 COS. J ( A + B) cos. i (A — /?). 
/Sff/cos. B — C05. ^ = 2 sin. J ( A ^ B^ b\tv. ^ V^ — Bn 
Z'"*^ lain* A ~ sin.* B =» cos.* B - cos « A =- B\n. V A -V BN %Va. VA— B 
^•'-rf — f/n.» B «- COS. (-A + B) cor. U — ^^"^ 



[BOtrS FOB Kin LX. 



34 


tan. { J ± IJ) = i :f 


-SSTTiSnc 




35 


-^±«".«-^'-^-^- 


36 


.otA±cot.I!^±'^^-^. 




ala^ + iln. £ tin i{A + E) 


37 


^A-^B'-t.^.HA-B)- 


38 


•In. J+iiiLf 


.iM + «) 


™i.j + «..i"'^ 


39 


S:-li^ - ^^ i f'l - o»- 


40 


riB.A-.lD.JI 


.i(J_B). 


o«.J + «..fl-'' 


" 


ri».X-da.S ^ 


* {'I + fi) 




., 


inn. J d = j—Ti ■ 








coUM = r=-°o..A 






Sougbt. 


Glno. 


FormnliE. 




4™>o/^ 








Circle 


Radiiu-r 


Bf*. 


*b 


EUipsB 


Somi-axcs = a uod 5 


italh 


40 


Parabola 


Chord = c, height — h 


UK- 


47 


Itt^lar Polygon 


(Side-a,nnmbcrof) 
\ Bides = n J 


la'ncot^- 


48 


Sphcw 


Radius = . 


4i.r'. 


49 


Zoae 


Radius = r, hiigbt c. j 


a«ri 






(ItBdiuKorgphcre^r ) 


. 5— (a— EllSiU 


50 


SJW;(j 0/ 


\ sum of ancles ^ 5 > 
? number of sidci^n) 


."•x '«^' 


51 


Prism or Cylinder 


Base - 4, height - A 


ft A. 


52 


Pyramid or Conu 


Base = i, height = h 


\hh. 


53 


Pnistiimof Pyr- 1 
emid or Cone ( 


(Bue«~» and b,,) 


VV^vj.V>'v^4^>'*^ 
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TABLE X. MISGELLANEOUS FOBMULA. 



54 
55 

66 

57 

58 



Sou-ht 
Solidity of 
Sphere 

Spherical Segment 
Prolate Spheroid 
Oblate Spheroid 
Paraboloid 



I 



Given. 

Radius = r 
Kadii of bases = »• ) 
and Vu height = /i ) 
''Semi-transverse axis 

of ellipse = a 
Semi-conjugate axis 
of ellipse = h 
j Radius of base = r, 
( height = h 



• 



FormnlflB. 



i»>-». 



Jira*5. 



(( 


i( 


t( 


•i 


i( 


(( 


t( 


(( 


(( 


ti 


l( 


t( 



»= 3.14159 26535 89793 23846 26433 88280. 
Log. » = 0.49714 98726 94133 85485 12682 88291. 

United States Standard Gallon = 231 cub. in. = 0.183681 cub. ft. 

" " " Bushel = 2150.42 " = 1.244466 " 

British Imperial Gallon =277.27384 " =0.160469 ** 

Length of Seconds Pendulum, at sea-level, at Equator, 89.0162 in. 

" N. York, 89.1017 " 
" London, 39.1898 " 

Weight of a Cubic Foot of Pure Water, according to Bonkinc: 
At 39.1'' Fahrenheit, 62.425 lbs.; at 62% 62.356 lbs. 

Figure of the Earth, according to Clarke, C. S. Report, 1877 : 

Equatorial radius, 6 378 206.4 metres = 20 923 061.8 feet. 

Polar radius, 6 356 583.8 " = 20 866 120.8 ** 

Degrees in arc equal to radius 67.29578 

Minutes " " " " " 3437.74677 

Seconds " " *' " " 206264.80626 

To change common logarithms into hjrperbolic multiply by 

.434 294 48 ; the logarithm of which is 9.637 7848. 



Sm.a: = aj-— +— *^g 



2.3.4.5.6.7 

6 



+ &a 



C08.x=l-^+-2*-^--2:^6+*^ 

sin.'a; 3 sin.'^a; 8.5 sin.'a; . 

z = sm. X + 1 — T H z— -f- oo. 

^ 2.8 2.4.6 2.4.6.7 

X = tan. X — 4 tan.*x + J tan.^'o: — \ tan.^x + && 
Let a ss length of a flat circular arc, c = its chord, R =r ndioB, D 8 

deflection angle. 



TABLE XI. 



SQUARES, CUBES, SQUARE ROOTS, CUBE ROOTS, 



AND 



RECIPROCALS OF NUMBERS 



nOM 1 10 1064. 



160 TABLE XI. SQUARES, CUBES, SQUARE ROOTS, 



60 
61 
6-2 



acoo 

3721 
3*M 



216000 
22UU81 
238323 



No. 


Sqoar^. 


Cubes. 


Squaro Roots. 


Cube Roots. 


Racipiocala. 


1 


1 


1 


1.0000000 


1.0000000 


1.000000000 


2 


4 


8 


1.4142136 


1.2599210 


.6O0CJO00OU 


3 


9 


27 


1.7320503 


1.4422496 


.333333333 


4 


16 


&4 


2.0000000 


1.5874011 


.250000000 


6 


25 


125 


2.2360630 


1.7099759 


.200000(KI0 


6 


36 


216 


2.4191397 


1.8171206 


.166666667 


7 


49 


313 


2.&157513 


1.9I293I2 


.14-2357143 


8 


&I 


512 


2.82x^271 


2.0000000 


.125000000 


9 


81 


729 


3.0000000 


2.0800837 


.111111111 


10 


100 


1000 


31622777 


2.1544317 


.100000000 


11 


121 


1331 


3.3166248 


2.2239301 


.090909091 


12 


141 


1728 


3.4641016 


2.2894236 


.033333333 


13 


169 


2197 


3.6055513 


2.3513317 


.076923077 


14 


196 


2744 


3.7416574 


2.4101422 


.07I42S57I 


15 


225 


3375 


3.8729333 


2.46G212I 


JOdGGGGGG? 


16 


256 


4096 


4.0000000 


2.5193421 


.062500000 


17 


239 


4913 


4.1231056 


2.5712316 


.058823529 


13 


321 


6S32 


4.2426407 


2.6207414 


J)65665556 


19 


361 


6359 


4.353S939 


2.66^016 


i)52631579 


20 


400 


8000 


4.4721360 


2.7144177 


U)50000000 


21 


441 


92G1 


4.6325757 


2.7539243 


.047619048 


22 


4^ 


10013 


4.6904163 


2.8020393 


.M54&1&43 


93 


629 


12167 


4.7953315 


2.8138670 


JM»7828 


24 


676 


133^1 


4.8939795 


2.8344991 


.041666667 


23 


625 


15625 


5.0000000 


2.9240177 


.(MOOOOOOO 


26 


676 


17576 


5.0990195 


2.9624960 


.033461638 


27 


7'29 


19633 


6.1961524 


3.00(K)000 


.037037037 


23 


IfA 


21952 


6.291 5(r26 


3.0365339 


.035714286 


29 


&11 


21339 


6.3351 &48 


3.072316S 


.034482759 


30 


900 


27000 


6.4772256 


3.1072326 


U133333333 


31 


961 


29791 


6.5677644 


3.1413306 


.032258065 


32 


1021 


32763 


6.6563542 


3.1743021 


.031250000 


33 


1039 


35937 


6.7445626 


3.2076313 


.030303030 


2A 


1156 


39304 


6.S3(n)5I9 


3.2396118 


.029411763 


33 


1^25 


42375 


6.9160793 


3.2710663 


iU3571429 


36 


1296 


46656 


6.00(XI000 


3.3019272 


.027777778 


37 


1369 


60653 


6.0327625 


3.3:122213 


.027(»27(I27 


33 


1414 


61372 


6.1&14140 


3.3619754 


.026315789 


39 


1521 


69319 


0J2449930 


3.3912114 


M256H(m 


40 


1600 


frlOOO 


6.3245553 


3.4199519 


U)26000000 


41 


1631 


6S921 


6.4031242 


3.4432172 


.02139f»244 


42 


17&i 


74033 


6.4307407 


3.4760266 


.023809521 


43 


1319 


79507 


6.55743S5 


3.5033931 


.023255314 


44 


1936 


85131 


66332496 


3..53f»3433 


U)22727273 


45 


2(J25 


91 125 


6.7032039 


3.5563933 


.022222222 


46 


2116 


97336 


6.73233(X) 


3.533(M79 


.021739130 


47 


2209 


103S23 


6.85565^16 


3.6(^'j826I 


.021276600 


43 


23(M 


110592 


6.9^S2032 


3.6312111 


.020333333 


49 


2101 


117649 


7.0000000 


3.6593057 


.020403163 


60 


2500 


125000 


7.0710678 


3.6<^0314 


.020000000 


61 


2601 


i:i265I 


7.14Mi'>l 


3.70S4298 


.0196(17843 


62 


27(M 


. 14«WU3 


7^111026 


3.7325111 


.019230769 


63 


2309 


143377 


7.2301099 


3.7.'i62358 


018867925 


M 


2916 


157464 


7.3434GU2 


3.7797631 


01^518519 


65 


3025 


166375 


7.4161935 


3.3(r29525 


.018181613 


66 


3136 


175G16 


7.4 <« 143 


3.32.13624 


.017857143 


j 67 


32^9 


185193 


7.549s:M4 


3.3136011 


.017643960 


/ 68 


s^m 


195112 


7.6157731 


3.3703766 


.017241379 


69 


3481 i 


205379 


7.08 V V457 


\ ^ASiTiawya 


. iiV«U9lo3 

i 



7.74r.%67 
7.8VVUm 
7.87AW70 









CUBB KOOTS, AKD HECIPBOCALS. 



/I/ 






] ir.;&t5 



e.77-ia«4 



J)i2eausi3 

AIJ764T06 

jiiiEsniOT' 

J]HS333liS 



■aiDioima 



*JfitSSlit 






] 
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TABLE XI. SQUARES^ CUBES, 


3QUARB ROOTS, 






No. 


Bqaares. 


Cubes. 


Sqoan Roots. 


Cabe Roots. 


BedprucfUa. 






125 


15625 


1953125 


11.1S03399 


6.0000000 


.00.3000000 






126 


15S76 


2000376 


11.2219722 


6 0132979 


.0O79:W.5O3 






127 


16129 


201S3S2 


11.2694277 


6.0-265257 


.007874016 






lis 


163^1 


2097152 


11.31370^ 


6.0:W6^2 


.0078125(K) 






120 


1G6U 


21466S9 


11.3573167 


5.0527743 


.007751933 






130 


16900 


2197000 


11.40175-13 


5.0657970 


.007692308 






i;n 


17161 


221S()91 


11.4455231 


5.0737531 


.007633588 






132 


17424 


2299963 


11.4S9I253 


5.09164:34 


.007575758 






133 


176S9 


2352637 


11.53^3626 


6.iai4637 


.007518797 






131 


17956 


2ir)6iai 


11.575.3369 


5 1172-299 


.007462687 






135 


1S225 


2160375 


11.6139500 


5 1299273 


007407407 






136 


lS-106 


2;-» 15-156 


11.6619033 


6.142i>6.32 


.007*52941 






137 


18769 


2571353 


11.7016909 


5.1551367 


.007299270 






13S 


19(M4 


2fi2S072 


11.7473101 


5 1676193 


0072-16:377 






139 


19321 


2635619 


11.7693261 


5.1801015 


.007194*13 






140 


19600 


2744000 


ll.a321596 


5.19249^11 


.007142357 






241 


193S1 


2S03221 


11.8713121 


5.2fM.3279 


007092199 






142 


2()1&1 


2S(i32.33 


11.916.3753 


5.2171031 


.007(M22M 






143 


20149 


2921207 


11.95S2607 


6.2-29:«15 


.0069!)30f>7 






144 


20736 


29S59^ 


12.0(KKM)00 


5.211432.3 


.006944441 






143 


21025 


304S625 


12.0115916 


5.2;-..T'i379 


.006896552 






146 


21316 


3112136 


12.0'5;«M60 


5.26.56374 


.006849315 






147 


21609 


3176523 


12.12i;J557 


5.2776.321 


.006302731 






143 


21901 


3211792 


12.1655251 


5.2S95725 


.006756767 






143 


22201 


3307W9 


12.2(M>5556 


5.3014592 


.006711409 






150 


22500 


3375000 


12 2174437 


6.3132923 


.006666667 






151 


22^1 


3142951 


12.2382057 


5.3250740 


.006(^22517 






152 


23101 


3511803 


12.32S32S0 


5 33630:« 


.00637SM7 






153 


23109 


35SI577 


12.3693169 


5.3134812 


.00G535M8 






15^1 


2.3716 


365226-1 


12.4096736 


5.36010.34 


.006493506 








2102.5 


3723S75 


12.4493996 


5.371635^1 


.00&151613 






156 


2I3:}6 


3796416 


12.4099960 


6.3S:i2126 


.00&ll(»-266 






157 


21019 


3S(J9>93 


12..5299611 


5..39169fl7 


.0063604*27 






15S 


21961 


3911312 


12.5693051 


5.4061202 


.006:329114 






159 


252S1 


4019679 


12.6095202 


5.4175015 


.005280303 






160 


25600 


4096000 


12.6491106 


5.423S352 


.006250000 






IGl 


25921 


417:J2«^1 


12.6>i^.->775 


5.4401218 


.0(W21il80 






162 


262 14 


4251523 


12.7279-^21 


5.451:3618 


.006172^110 






163 


26569 


4330747 


1-2.76714.53 


5.4625.->56 


.006131069 






l&l 


26S96 


4110914 


1-2.S002135 


5.47370.37 


.006097561 






165 


27225 


4492125 


12.3152326 


5.4345066 


.006060606 






166 


27556 


4574296 


1 2.331 09"*7 


5.49.K36-17 


.0060*1096 






167 


273.S9 


4657463 


12.9-^23130 


5.5063784 


.0059SS(lfit 






163 


2S221 


4741632 


12.% 143 14 


5.51781.34 


.005952381 






169 


2S561 


4S26S09 


13.0(XKKXK) 


6.5237743 


.005917160 


' 




170 


2S900 


4913000 


13.033-1013 


5.5.396i>83 


.005882353 






171 


29211 


6<KK)2I1 


13.0766963 


6.55(M991 


.0a5847953 






172 


2'.i5S-l 


6(JS8443 


13.1143770 


5.5612973 


.Ga5dl3953 






173 


29929 


6177717 


13. 1 5-29 l&l 


5.572(r>4G 


.0057S0W7 






174 


3(r2r6 


526S024 


13.19f»9060 


5. ,5827702 


.005747126 






175 


306-25 


5X)9375 


13.2237566 


5.5931447 


.005714286 






176 


30976 


5451776 


13.2661992 


5.6fMf»787 


.0a'i631Sl8 






177 


31329 


55152:)3 


1.3.3041317 


6.6146724 


.005&t97l8 






173 


3I6=>1 


6639752 


1.3.3416641 


5.6-2.V2263 


.005617978 






179 


32fMl 


6735339 


13.3790382 


5.63')7408 


.0055S6693 




// ''^ 1 


32100 ] 


6S32000 


13 4164079 


5.6462162 


.005555556 




" I SI 


32761 I 


6929741 


13.45'.M')-2Aa 


\ 5.C>:>Ci&'vi^ 


I .005.5*tS62 




J 82 


3:tlk4 I 


6.'i2S56S 


13.19.17370 


\ 5.WV7VV"A\ 


\ «oMaw«& 


'{^ 


IS3 1 


S.'M'iO / 


612^37 


13.5-277 \'J'.i 


\ &.e>71\\\A 




IS4 1 


3:iir^ / 


C229501 


13.56 16W\0 


I \ 5.ftSTI'AV 


1 


se 1 


31225 I 
34r/J6 1 


6.W1625 
6431S56 


13.G0\470: 
1 13.G33\3\ 


7 \ t.-TvieriC 


ft \ <(y;)oVSM3f 


^\ 



CUBE ROOTS, AND RECIIROCALS. 
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Ho. 


Bqumrefl. 


Cubes. 


Square Roots. 


Cube Roots. 


Reciprocalf. 




187 


aiQG9 


6539203 


136747943 


6.7184791 


.005347594 




183 


av>i4 


6G44G72 


13.7113002 


6.72<63^3 


.00.0319149 




189 


35721 


6751269 


13.7477271 


6.73870^6 


.Oa02OlUO5 




190 


36100 


6859000 


13.7840438 


6.7438971 


.005263158 




101 


304-51 


61)07671 


13.3202750 


6.7530652 


.005235602 




192 


36S&1 


7077838 


13.8564065 


6.76S09S2 


.005203333 




193 


37249 


7189057 


13.6024440 


6.7 760966 


.005131347 




194 


37(k\R 


7301384 


13.9233333 


6.73306O4 


.005154639 




195 


38025 


7414875 


13.9&12400 


6.7933900 


.005128205 




196 


3&116 


7520536 


14.000(KK)0 


6.8037857 


.005102041 




197 


33509 


7615373 


14.0350638 


6.8186479 


.O0.'3076142 




193 


39204 


77C2392 


14.0712473 


6.82W707 


.00505f)505 




199 


3U601 


7830599 


14.1067360 


6.8332725 


005025126 




200 


40000 


8000000 


14.1421356 


6.8430355 


.005000000 




<2U1 


4(>1()1 


8120601 


14.1774469 


6.8577600 


.004075124 




mi 


4(ts(>l 


81»'2403 


14.2126704 


6.8074043 


.004050496 




2(13 


41209 


6305427 


14.2473008 


6.8771307 


.004026108 




201 


41616 


&1S90&1 


14.2323509 


6.3307653 


.0040(JI061 




203 


42025 


8015125 


14.31 7K211 


6.606;}0S5 


.004373049 




206 


42436 


8741316 


14.3527001 


6 9050406 


.0M854369 




207 


42349 


8600743 


14.3374946 


6.9154817 


004330918 




208 


432&1 


800^^012 


14.4222051 


6.9240921 


.0(V1807C92 




209 


43631 


9129:^29 


14.4503323 


6.9;M4721 


.004784639 




210 


44100 


9261000 


14.4013767 


6.9439220 


.004761905 




211 


44521 


9393931 


14.5258300 


6.953^18 


.004739336 




212 


44944 


9528123 


14.50(f2l08 


6.9027320 


.004716981 




213 


45369 


9663597 


14.«H5195 


5.9720926 


.004694836 




214 


45796 


9300344 


14.6237388 


6.9314240 


.004072897 




215 


46225 


9938375 


14.0028733 


6.9007264 


.004651163 




216 


46656 


10077696 


14.6900335 


6.0000(K« 


.004029630 




217 


47039 


10218313 


14.7300199 


6.0002450 


.004603295 




218 


47524 


I036rr2a2 


14.7613231 


6.0134617 


.0O4,')S7156 




219 


47961 


10503159 


14.7936436 


6.0276502 


.004566210 




220 


48400 


10618000 


14.8323970 


6.0368107 


.004545456 




221 


48841 


10793S61 


14.860(l&37 


6.0459435 


.004524387 




222 


492S4 


10941048 


14i»00&14 


6 0550439 


.001504506 




223 


49729 


11039567 


14.0331845 


6.0&11270 


.0(M434305 




itH 


50176 


1 1239424 


14.9666205 


6 0731779 


i)044 64286 




225 


60625 


11390625 


15.00(X)000 


6.0322020 


.004444444 




226 


61076 


11543176 


15.0332064 


6.0911994 


.001424779 




227 


61529 


11607033 


15.0605192 


6.10(11702 


004405286 




223 


61934 


11852352 


15.0096689 


6.1001147 


.004335965 




229 


62141 


12008939 


15.1327460 


6.1180332 


.004366812 




230 


62900 


12167000 


15.1657509 


6.12092.')7 


.004347826 




931 


63361 


12326391 


15.1930842 


6.1357924 


.004329004 




232 


63881 


12437168 


15.23 1 &162 


6.1446337 


.004310345 




233 


64280 


12649337 


15.2643:J75 


6.1534495 


.004-29i845 




834 


64756 


128129(VI 


15.2970536 


6.1022401 


.004273504 




235 


65225 


12977876 


15.3297097 


6.1710058 


.0(M255319 




836 


65696 


13144256 


15.3022915 


6.1707406 


.0rM2.37238 




837 


66169 


13312rK33 


15.3043(M3 


6.ia^623 


.004219409 




238 


66&14 


131f<1272 


15.4272486 


6.1071544 


.004201031 




239 


67121 


13651919 


15.4506:M8 


6.2053218 


.004184100 




MO 


67600 


133^1000 


15.4010^14 


6.2144050 


004166667 




241 


680S1 


13907521 


15.5241747 


6.22:J<I343 


.0(M 149378 




242 


63561 


14172138 


15.5.'J0;«02 


6.2310707 


WM 132231 




843 


69049 


14^13007 


15.5^;34573 


6.240-^'}15 


TKM 115296 


\ 


844 


69536 


14526784 


i5.62myM 


I ^.'i\>vTiS!S^ 


\ V».WVfSS»*V N 


813 


60025 
606J0 


14706123 
148S6036 










eum 

6/601 


15069223 
16252982 






£] 
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.OlIlGGaillll 

MmsnAVt 
'.oumms 



ff sun / (7*1.., 
96 1 m 
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to. 


Bv«^ 


c.t«. 


^,™.„-. 


Cutellool*. 


iHlptVUll. 






wm 


3X1^12)1 


?,011[!W1 








SIB 






T.ee^vaiT 


<17>CM-£jU 


IU3»«l«i 




33 


BTMIU 






0.7-^1)13 


(II3IIHKKB 








aH.jHi 11 




B.r»5-tW4 


jioi*<ri3 














waiT-ioio 








SH'k^HlU 


tIjjiUvm 








I 


iirnS 


ill 


rieai'FMa 


llio?!^ 


X0l«6.M 




313 






7.KDII57!! 


8.8ffi77U 












7.8B3njM 


8.8399037 
















■1)31 16MB 




















iwsa 


sxui-ddar 


llff^tCi 












31:IW4M 
















8.01irT5« 








3iB 








6,S.-K«SS 






s 




aa'^ijnw 


^mlrriu 


ass.iji&f 


H|)3 






lltiiil 














irVMO 




.lOflOBl 










l(>ll.Vil 


soiGiasi 
















!2a«!^j 


6.!fJJ3i-* 














B.flai3ni« 








iiiib'<a 




BXMKO 




numnia 












&(Mr.Mi« 


iipaHSii7B 






1 aflS 


3riwtLT0 


aaananH 








Ih 


1 usm 




Sgg 


B.9IU<i|iM 


usiasTasB 




3M 




KIUJUIB 


uiiiuia 


e.g-Mm 






341) 






8,43flflf«) 


8.373.'-.33l 






311 


invMi 


J^'^ilws 




fi.OMI'J'Ifl 


«UIK»J77 






irui 


Anx^m 




V.watim 


XWIMM 










aiwTarffu 
















7!niM7Dl 


IVSttSMl 












T.wmx 






317 








}.ai7iiKH 






314 


31 lot 




8,a547(»] 








M3 


2iaii 


«3(BW9 


S,S81Wt7 








xa 


zasno 














fflsni 




8!731D!MII 




10334900 






eMH 








wfflS4iians 






»euo 








(iniaaMfli 












7.07J(lHO 


J0»2llUS 




3Ui 








7.n9PKi^a 


MuaiGBOi 




3H 




lAMSniS 






(loasrwiMB 






HJ-tJB 


vAiwia 






joaniiai 








«M-f«l3 


3.S^SK70 








taa 


MSSl 


4eU£I7D 




7.1071B37 








MfldO 


«BT6nno 


9.373M8n 


7.M37SBa 














7.iai:B;4 














7.ivny:i(» 






363 


3i;g9 






7.I3:HU»3 






3M 


.1^I9S 


4£2Z^>44 














48fl^:i^ 










3M 




«aa;M«i 


































S^V^'^ 


309 


3ClltI 




vi.%KX:-a 




\ -^s^* 










\ \'--<^^ 


^1 


l'^ 


EMTS&ia 


\9,K7» 


W Vvwow 


a\ "s«™ 


B^ 



166 TAJ3LC XI. SQUARES, CUBES, SQUARE ROOTS, 



No. 


Squares. 


Cubes. 


Squure Roots. 


Cube RooU. 


Reciprocals. 


373 


139129 


CI 8951 17 


19.3132079 


7.19340.50 


.002680965 


37\ 


139S76 


52313024 


19.3390796 


7.2r)43322 


.(K)2073797 


375 


14(MJ2.", 


62731375 


19.36-19107 


7.2112479 


.002606667 


376 


141376 


63157376 


19.39«l7li)4 


7.21 705-22 


.(H»20.3a374 


377 


H2129 


5a3S26« 


19.4101S78 


7.2240150 


.(K)2fl32520 


373 


142SS4 


54010152 


19.4422221 


7.2.KH268 


.002615503 


37U 


113641 


&4439939 


19.4679223 


7.2367972 


.002638522 


3S0 


144400 


54372000 


19.4935S.S7 


7.^M31565 


.002631,579 


331 


143101 


653IW311 


19.5192213 


7.249.3fH5 


.002624672 


3S2 


145924 


C574296S 


19. .544320:1 


7.2iV3im5 


.002617801 


3S3 


1400S9 


G61818S7 


19.5703358 


7.2021675 


.002fi 10966 


3^ 


147456 


66023 1 (U 


19..50j9179 


7.20->1.324 


.(Kr26fM167 


3S5 


148225 


570000A5 


19.6214169 


7.2747364 


.00'2ri974<O 


3S6 


14-^996 


675l24r,0 


19.6403327 


7.2X10791 


.002.390674 


3S7 


M97G9 


57900603 


19.6723156 


7.237:}617 


.002583979 


3iS 


ir>0514 


58411072 


19.6977156 


7.2930:j:}0 


.(K)2.37r320 


3S9 


151321 


58303309 


19.7230829 


7.2998936 


.002570694 


390 


152100 


59319000 


1Q.74.<^I177 


7.3001436 


.002.304103 


%)1 


152SSI 


69776171 


19.7737199 


7.312:3323 


.002557r>43 


392 


irtlHH'A 


60230238 


19.7939399 


7.3I3C1I4 


.0(r255lf»a0 


39J3 


L5I449 


6009 S457 


19.8212276 


7.32I82'.)5 


.002544529 


31^1 


1552:J6 


011029 S4 


19.&494J32 


7.3310:169 


.002538f»7l 


395 


150025 


6I029S75 


19.8740009 


7.a37^^39 


.002.331646 


396 


150S10 


62099 i;JG 


19.8997437 


7.34.34205 


.(Kr252.-i253 


397 


157009 


02.-|70773 


19.9213533 


7.319.39(;6 


.002518392 


39S 


)5S-1(U 


6.3(M4792 


19.9199373 


7.a357624 


.00251^563 


399 


159201 


63521199 


19.9749344 


7.3619178 


.002506266 


400 


160000 


64000000 


20.0000000 


7.3030030 


.002500000 


401 


10f)S()l 


6 1 IS 1 201 


20.0219344 


7.3741979 


.00249.3766 


4()a 


101 00 t 


61901303 


20.0491)377 


7.aSf):W27 


.002437562 


403 


v\■^m 


65^15! »S27 


20.0713599 


7.3^01373 


.00248 1390 


40i 


10:)2I6 


65939204 


20.0997512 


7..'WA3413 


.002475348 


4a> 


101025 


6013)125 


20.1240118 


7.39S<>.3C3 


.0rr246913S 


406 


lOISiW 


609-23116 


2.1.1494117 


7.4017206 


.00246.3054 


407 


16.W19 


6741-113 


20.1742410 


7.41079.30 


.0fr215700a 


40S 


lf;<5404 


67917312 


20.199(1099 


7.410S595 


.002450930 


409 


1G7'2S1 


6^117929 


20.2237434 


7.4-225)142 


.002441933 


410 


16^100 


63921000 


20.24.^567 


7.4239539 


.0024390^1 


411 


10S921 


69120531 


20.2731349 


7.4.3499.33 


.O(r2433090 


412 


169744 


69931523 


20.2977831 


7.4410139 


.0024271*4 


413 


170-)69 


70114997 


20.3-221014 


7.4470:M2 


.002121308 


414 


171396 


709579 M 


2O.:340a^99 


7.45:«).-J99 


.0Cr24 15459 


415 


17-2225 


7147.3:375 


20.37154.38 


7.4590359 


.002409639 


416 


17:»)56 


71991296 


2O..*W0078I 


7.40.y)223 


.(K)24(K1340 


417 


I73SS9 


72511713 


20.4-20.3779 


7.4709991 


.0O2:»8033 


418 


174721 


731)3 10:r2 


20.4450433 


7.4709004 


.002:W2.344 


419 


175561 


73500059 


20.4694395 


7.4829-^42 


.002386635 


420 


176100 


74083000 


20.4939015 


7.4.388724 


.0023S0952 


421 


177241 


74013^161 


20.5132345 


7.4943113 


.(Kr2375297 


422 


I78f)^ 


75151413 


20.54203S6 


7.5007406 


.(Kh2369663 


42.1 


17S929 


75630907 


20. .5009033 


7. .50000.07 


.002:)M(IG6 


421 


179776 


7022")i)21 


20.5912003 


7.5123715 


.Ofr2:35.S49l 


425 


1SI«25 


7070502."! 


2f).01332Sl 


7.51S47:J0 


.002:i.32Wl 


420 


181476 


773')>i770 


2').<;397074 


7.5-21:10.32 


.002.317413 


427 


1S2:V>9 


n^-A\<i 


2; 1.0039733 


7..5:j02132 


.(K)234I920 


42-) 


i.s:nsi 


784f)2752 


2f).0<^l0i»9 


7..530r221 


.0-^^:136^149 


4:di/ 1 


isKm 


7695:ioS9 


20.71'2:}152 


7..5119367 

1 


.0023310(12 



430 
431 

4:i:i 



ISGH44 
/3sa;5a 



703f)70OO 

8i)i>f;>'.nn 

8»G-2|.3r,3 
811327:37 
817103(^1 



20.7^P»\A\A 

2'V7rv.».v.y.r> 

2'V7<UVV.n 
'2n.S3i6G67 









168 TABLE XI. SQUARES, CT7DES, SQUARE ROOTS, 





No. 


SqOAKf. 


Oabef. 


Square Roots. 


— — ^g" 

Cub« Roots. 


Reeiprocalf. 






497 


1M70O9 


122763473 


22.2934963 


7.92109M 


.002012072 






4'J4 


248004 


123505992 


22.3159136 


7.926-1035 


.002008032 






499 


249U0i 


124251499 


22.3383079 


7.9317104 


.002UQ4003 






600 


250000 


125000000 


22.3606793 


7.9370053 


.002000000 






501 


25I0U1 


125751501 


22.3330293 


7.91-22931 


.001990008 






602 


25:^004 


126506003 


22.4053565 


7.9475739 


.001992032 






r>03 


253009 


12726:J527 


22.4276615 


7.9523477 


.001933072 






604 


254016 


128021064 


22.4499443 


7.9581144 


.0019^127 






605 


2.-»5025 


123787625 


22.4722051 


7.9633743 


.001930198 






606 


256036 


129554216 


22.4944433 


7.96S6-271 


.001976-235 






607 


257049 


1303Z3&13 


22.5166605 


7.973S731 


.001972337 






603 


25S064 


131096512 


22.5338553 


7.9791122 


.0019635(W 






609 


259031 


131872229 


22.5610283 


7.9343444 


.001964637 






610 


260100 


132651000 


22.5831796 


7.9S9.'3697 


.001960784 






511 


261121 


133432S3I 


22.6053091 


7.9947333 


.001956W7 






612 


262144 


134217723 


22.6274170 


8.(»i)(»0000 


.001953125 






613 


263169 


ia>005697 


22.6495033 


8.0(r)2O49 


.001949318 






614 


2&1196 


ia>796744 


22.6715631 


8.0104032 


.001945525 






615 


265225 


136.390375 


22.6936114 


8.(»155946 


.001941/18 






616 


266256 


1373S3096 


22.71563^1 


8.0207794 


.00191^984 






617 


267239 


13318^13 


22.7376340 


8.0259574 


.0(U9342J6 






618 


26^3^4 


138991332 


22.7596134 


8.031 I2S7 


.0019305f« 






619 


269361 


139793359 


22.7815715 


8.036-2935 


.001926782 






520 


270400 


140608000 


22.8035085 


8.0114515 


.001923077 






6-21 


271441 


141420761 


22.8254244 


8.0466030 


.001919386 






522 


2724S4 


142236643 


22.8473193 


8.0517479 


.(K) 19 15709 






623 


273529 


143055667 


22.8691933 


8.0368362 


.001912016 






6^ 


274576 


143S77824 


22.6910463 


8.f>620lS(» 


.001903397 






625 


275625 


144703125 


22.9123785 


8.0671432 


.001904762 






526 


276676 


145531576 


22.9346899 


8.0722620 


.(K)1901141 






627 


277729 


146:)63183 


22.9564306 


8.0773743 


.001897533 






623 


278784 


147197952 


22.9782506 


8.0824600 


.001893939 






629 


279^1 


1480358S9 


23.rKX)0000 


8.0375794 


.001890369 






630 


2S0900 


143377000 


23.0217289 


8.0926723 


.001836792 






531 


2SI961 


149721291 


23.0434372 


8.0977.539 


.001883239 






632 


233024 


150563763 


23.0651252 


8.1023390 


.001879699 






633 


234(«9 


1514 19437 


23.0867923 


8.1079128 


.001876173 






631 


235156 


152273304 


23.1034400 


8.1129803 


.001872669 






635 


236225 


153130375 


23.1300670 


8.1180114 


.001869159 






636 


237296 


153990656 


2:3.1516738 


8.1230962 


.(01865672 






637 


2S3369 


154a54I53 


23.1732605 


8.1281447 


.001662197 






633 


2S9444 


155720872 


23.KMS270 


8.13:)187n 


.001856736 






639 


290521 


156590319 


23.216373S 


8.1382230 


.001855283 






510 


291600 


157464000 


23.2379001 


8.1432529 


.001851852 






641 


2926SI 


153340421 


23.2594067 


8.1432765 


.OOI&18429 






642 


293764 


159220038 


23.2808935 


8.1532939 


.001845018 






643 


294319 


160103007 


23.3023604 


8.1533051 


.001341621 






&44 


295936 


160989134 


23.32.33076 


8.1633102 


.001333235 






&t5 


297025 


161878625 


23.3452351 


8.16S:)092 


.001834862 






646 


2931 16 


162771336 


23.3666429 


8.1733020 


.0018315(0 






647 


299209 


163667323 


23.333031 1 


8.1782888 


.001828164 






543 


3(K)304 


164r)66592 


23.4093993 


8.1832695 


.001824818 






&19 


301401 


165469149 


23.4307490 


8.1882441 


.0018214M 






650 


302500 


166375000 


23.4520788 


8.1932127 


.001818182 




/ 


55} , 


303601 


I 672311 51 


23.4733S92 


8.19S1753 


.001814832 




// 652 1 


3f)470i \ 


I 631 96603 


23.4946302 


i 8.203 1 31 9 


.001311594 




' ^1 


3(t5Sn9 \ 


1691 12377 


23.5159520 


\ ^^ima^'Gi 


V ,W\\^R«i\% 


k. 


£54 1 


ano'jie / 


170031464 


23.5372m6 


\ %.M\^WV 


\ .W^A^«*NEA >\ 


65S 1 


3n<i025 1 


170953375 


23.55^^^ 


\ %.'A\7S»:a 


\ .V>fcN\^\?»«. \. 


S56 1 


3ri9i:i6 1 


i7IS79616 


23.5796522 


\ S.'iW.'^aS 


&\ .VIiWTi^SAV \v 


a 

SI 




3 Km to I 


1723(13693 
173741112 


23.(KVy^74 







CUBE ROOTS, AND RECIPROCALS. 
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No. 


Squares. 


Cubes. 


Square Ropts. 


Cube Roots. 


Reciprocals. 






069 


312481 


174076379 


23.6431S0S 


8.2370014 


.001763909 






660 


3136f>0 


I 75010000 


2.3.06-13191 


8.JM25706 


.00178.5714 






501 


314721 


170o5>ISl 


23.08543S6 


a2474740 


.001782531 






5('.2 


3ir>8l4 


1775(M32S 


23.700.5392 


8.2523715 


.001779359 






603 


310909 


176-1 53547 


23.7270210 


8.2572633 


.(KJ 1770 199 






604 


3l8()wa 


1794(>0I44 


23.74808-12 


8.2021492 


.001773f»50 






66.1 


319225 


180302 1-25 


23.70972^6 


8.2070294 


.001769912 






660 


32(l3o6 


13 132 14 HO 


23.7917545 


8.27190.39 


.001766784 






607 


32I4S9 


1S22S-12()3 


2,3.8117613 


8.2767726 


.001703068 






6GS 


322024 


1S3250432 


23.8327506 


8.2S 10355 


.001760563 






669 


323701 


18l22t>0JJ 


23.8537209 


8.2S04923 


.001757469 






570 


321900 


185193000 


23.8740723 


8.2913444 


.001754386 






571 


320. J4I 


IdOlO'.Mll 


23.8950003 


8.29019(13 


.(J017513I3 






572 


327 184 


1 87 H 9248 


23.9105215 


8.3(00304 


.001748252 






573 


32S329 


18SI325I7 


2.3.9374184 


8. 305.8651 


.(K) 1745201 






674 


3291/0 


189 1 19224 


2:^.9582971 


8.3100941 


.001742160 






575 


3:3ftG2o 


190109375 


23.9791570 


8.3155175 


.001739130 






676 


331776 
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104 TABLE XIII. LOGARITHMIC SINES, 



NOTE. 

Tub table here given extends to minutes only. The usual method 
of extending such a table to seconds, by proportional parts of the 
difference between two consecutive logarithms, is accurate enough 
for most purposes, especially if the angle is not very small. When 
the angle is very small, and great accuracy is required, the following 
method may be used for sines, tangents, and cotangents. 

I. Suppose it were required to find the logarithmic sine of 5' 2*'' 
By the ordinary method, we should have 

log. sin. 5 = 7.162696 

diff. for24" = 31673 



log. sin. 5' 24" « 7.194369 

The more accurate method is founded on the proposition in Trigo 
nometry, that the sines or tangents of very small angles arc propor- 
tional to the angles themselves. In the present case, therefore, we 

have sin. 5' : sin. 5' 24' = 5' : 5' 24" = 300" : 324". Hence sin. 5' 24' 

3*24 sin 5' 
= — 3oo~~ » ®'* ^^S' sin. 5' 24" = log. sin. 5' -f log. 324 — log. 30i). 

The difference for 24" will tlierefore, be the difference between the 
logarithm of 324 and the logarithm of 300. The operation will stand 
thos • — 

log. 324 = 2.510545 

log. 300 =2.477121 

diff. for 24 » 33424 
log. sin. 5' » 7.162696 

log. sin. 5' 24" = 7.196120 

Comparing this value with that given in tables that extend to seconds 
wo find it exact even to the last figure 

//. Given log. sin. A = 7.004438 to find A. The sine next less 
£/jaa this in tlie table is sin. 3 = 6.940847. "iioN«i\vG\v».\^im."i' -.wci. A 

^^:^. Tlierefore, A = ^^^ , or log. A = \v>s. ^ -V \^^. ^^^ ^ 
^og sin. 3' JTcncc it appears, that, to fttiv\ \\\<i \o^^t\Ccvvcv vA A \ 



COSINES TANGENTS, AND COTANGENTS. 195 

minutes, we must add to the logarithm of 3 the diiTcrence netwcen 

to;;, sin. A and log. sin. S'. 

log. sin. A = 7.004438 
log. sin. 3' = 6.940847 

63591 
loff. 8 e= 0.477121 



A = 3.473 0.540712 

or ^ SB 3' 28.38'' By the common method we should have found 
ii — 3' 30.54". 

The same method applies to tangents and cotangents, except that iu 
Uie case of cotangents the differences are to he subtracted. 



*," The radius of this table is unity, aud the characteristics 9, 8, 7, 
aiid 6 Btnml respectively for — 1, — 2, —3, and —4. 



196 

00 



TABLE XIII. LOGARITHMIC SINES, 



1790 



StiM. 



Inf. neg. 

6.463726 
.764766 
.940S47 

7.065786 
.IC2696 
.JM1877 
.308824 
.9G6SI6 
.417968 

7.463726 
.503118 
.642906 
.677663 
.609853 
.6:39816 
.667845 
.694173 
.718997 
.74iM78 

7.764754 
.783943 
.806146 
.825461 
.843934 
.861662 
.87S695 
.895aS5 
.910879 
.926119 

7.940S42 
.955082 
.968870 
.982233 
.995193 

8.(K)7787 

Amvm 

.031919 
.(M3501 
.054781 

8.065776 
.07G5(JO 
.086965 
.097183 
.1(17167 
.116926 
.126471 
.13.3810 
.144953 
.153907 

8.1626S1 

.171280 

.179713 

.187985 

.190102 

.204070 

.211895 

.219581 

.H-J7I34 

.234557 

.211855 



D. 1 . 



5017.17 

2934.85 

2082.31 

1616.17 

1319.69 

1116.78 

966.53 

862.64 

762.62 

689.88 
629.81 
679.37 
636.41 
499.33 
467.14 
438.81 
413.72 
391.36 
371.27 

353.15 
336.72 
321.76 
308.06 
295.47 
283.88 
273.17 
263.23 
253.99 
246.33 

237.33 
229.80 
222.73 
216.08 
209.81 
203.90 
198.31 
193.02 
188.01 
183.26 

178.72 
174.42 
170.31 
166.39 
162.66 
159.08 
165.66 
152.33 
149.2t 
146.22 

143.33 
140.64 
137.86 
133.29 
132.80 
130.41 
128.10 
125.87 
12i.72 



GcNdiie. 



Coalae. I D. l". 



0.000000 
.000000 
.00(J000 
.000000 
.OOfJOOO 
.0(X)000 

9.999999 

999999 

.999999 

.999999 

9.999998 
.999993 
.999997 
.999997 
.999996 
.999996 
.999995 
.999995 
.999994 
.999993 

9.999993 
.999992 
.999991 
.999990 
.999989 
.909939 
.999983 
.999937 
.999936 
.999985 

9.999983 
.999982 
.999931 
.999980 
.999979 
.999977 
.999976 
.999976 
.999973 
.999972 

9.999971 
.999969 
.999968 
.999966 
.999964 
.999963 
.999961 
.999939 
.999953 
.999956 

9.999954 
.999932 
.999950 
.999iM8 
.99<KM6 
.9<.»9944 
.95)9942 
.999fM0 
.9999.38 
.9{n)936 
.99«J9:» 4 

Sine. 



D. I". 



.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.01 
.01 

.01 
.01 
.01 
.01 
.01 
.01 
.01 
.01 
.01 
.01 

.01 
.01 
.01 
.01 
02 
.02 
.02 
.02 
.02 
.02 

.02 
.02 
.02 
.02 
.02 
.(r2 
.02 
.02 
.02 
.02 

.02 
.03 
.03 
.03 
.03 
.03 
.03 
.03 
.03 
.03 

.03 
.03 
.03 
.03 
.(O 
.(»3 
.03 
.04 
.04 
.04 



Tkng. 



Inf. neg. 

6.463726 
.764766 
.940^7 

7.065786 
.162696 
.241878 
.308825 
.366817 
.417970 

7.463727 
.605120 
.642909 
.577672 
.609857 
.639820 
.667t^9 
.694179 
.719003 
.742484 

7.764761 
.785931 
.806165 
.S2S160 
.843944 
.861674 
.8787(e 
.895f»99 
.910894 
.926134 

7.940858 
.955100 
.968889 
.982253 
.995219 

8.007809 
.020fM4 
.0311M5 
.013.')27 
.064809 

8.065806 
.076531 
.086997 
.097217 
.107203 
.116963 
.126510 
.1^3851 
.144996 
.163952 

8.162727 
.171323 
.1797f,3 
.188«»36 
.196136 
.2(MI26 
.211933 
.219641 



D*u 






6017.17 

2934.36 

20S2.31 

1615.17 

1319.69 

1115.78 

966.64 

852.55 

762.63 

689.88 
6*29.81 
679.37 
636.42 
499.39 
467.15 
433.82 
413.73 
391.36 
371.28 

333.16 
336.73 
321.76 
303.07 
295.49 
283.90 
273.18 
263.26 
254.01 
246.40 

237.35 
229.82 
222.76 
216.10 
209.83 
203.92 
198.33 
193.06 
188.03 
183.27 

178.76 
174.44 
170.34 
166.42 
162.63 
159.11 
155.69 
132.41 
149.27 
146.26 

143.36 

140.37 
137 90 
133.32 
132.81 
13f).44 
128.14 
Vir>.9l 



Cotang. 



Infinite. 

3.536274 
.233244 
.059153 

2.9.'M214 
.8373(M 
.758122 
.691175 
.633183 
.682030 

2.636273 
.494880 
.467091 
.422323 
.390143 
.360180 
.332161 
.305821 
.280997 
.257616 

2.235239 
.214049 
.193345 
.174540 
.156056 
.133326 
.121292 
.104901 
.089106 
.073866 

2.059142 
.044900 
.031111 
.017747 
.004781 

1.992191 
.979956 
.968056 
.95&173 
.946191 

1.934194 
.923469 
.913(103 
.902783 
.892797 
.883037 
.87»190 
.6&1149 
.8560r»4 
.&16048 

1.837273 

.828672 
.820237 
.811964 
.603844 
.795874 
.7&S047 
.780359 



u. 



60 
69 
68 
67 
66 
66 
54 
53 
52 
61 

50 
49 
48 
47 
46 
46 
44 
43 
42 
41 

40 
39 
38 
37 
36 
35 
34 
33 
32 
31 

SO 
S9 
88 
27 
26 
SS 
24 
23 
22 
21 



Xi. V^. \ "^•n*. 



COSINES, TANGENTS, AND COTANGENTS. 



197 
178C 



M. 



I 



r\ 

1 
2 
3 
i 

5 

6 

V 

4 

8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
Id 
19 

20 
?l 
c-i 
23 
24 
i& 
26 
27 
28 
29 

30 
31 
32 
33 

'35 
36 
37 
33 
39 

40 
41 
42 
43 
41 
45 
\f* 
17 
4J 
*9 

50 
51 
52 
53 
54 
5ft 
56 
57 
58 
59 
60 



Sice 



«.241S55 
.243033 
.25Gf»94 
.263^12 
.269981 
.27GG14 
.2832 13 
.289773 
.296207 
.302^6 

8.308794 
.314954 
.321027 
.327016 
.332924 
.3;«753 
.3H504 
.350181 
.355783 
.361315 

8.366777 
.372171 
.377499 
.382762 
.aS7962 
.393101 
.398179 
.403199 
.408161 
.413068 

a4 17919 
.422717 
.427462 
.432156 
.436S00 
.441394 
.445941 
.45(M40 
.454893 
.459301 

8.463665 
.467985 
.472263 
.47&198 
.480693 
.4»id48 
.488963 
.493040 
.497078 
.501030 

8505045 
.508974 
.512867 
.516726 
.520551 
.524343 
.623102 
.531828 
.535523 
.539186 
.542819 



D. V'. 



119.63 
117.69 
115.80 
113.98 
112.21 
11050 
108.83 
107.22 
105.66 
l(ai3 

102.66 
101.22 
99.82 
98.47 
97.14 
95.86 
1M.60 
93.33 
92.19 
91.03 

69.90 
88.80 
87.72 
86.67 
85.64 
84.64 
83.66 
82.71 
81.77 
80.86 

79.96 
79.09 
78.23 
77.40 
76.59 
75.77 
74.99 
74.22 
73.47 
72.73 

72.00 
71.29 
70.60 
69.91 
69.^ 
68.59 
67.94 
67.31 
66.69 
66.08 

65.48 
64.89 
64.32 
63.75 
63.19 
62.65 
62.11 
61.53 
61.06 
6a55 



Coalite. 



9.9999^1 
.999932 
.999929 
.999927 
.999925 
.999922 
.999920 
.999918 
.999915 
.999913 

9.99'J910 

.999907 
.999905 
.999902 
.999899 
.999397 
.999894 
.999891 
.999888 
.999885 

9.999SS2 
.999879 
.999376 
.999873 
.999370 
.999867 
.999864 
.999861 
.999863 
.999854 

9.999851 
.999948 
.999.844 
.999341 
.999933 
.999834 
.999331 
.999327 
.999324 
.999820 

9.999816 
.999813 
.999809 
.999305 
.999801 
.999797 
.999794 
.999790 
.999786 
.999782 

9.999778 
.999774 
.999769 
.999765 
.999761 
.999757 
.999753 
.999743 
.999744 
.999740 
.999735 



D l^ 



.(V4 
.01 
.04 

m 

.04 
.04 
.04 
.04 
.04 
.04 

.04 
.04 
.04 
.05 
.05 
.05 
.05 
.05 
.05 
.05 

.05 
.05 
.05 
.05 
.05 
.05 
.05 
.05 
.05 
.05 

.06 
.06 
.06 
.06 
.06 
.06 
.06 
.06 
.06 
.06 

.06 
.06 
.06 
.06 
.06 
.06 
.07 
.07 
.07 
.07 

.07 
.07 
.07 
.07 
.07 
.07 
.07 
.07 
.07 



Tang. 



aLl 00000. I D.V, 



Sine. 






8.241921 
.249102 
.256165 
.263115 
.269956 
.276691 
.233323 
.289856 
.296292 
.302634 

8.303884 
.315046 
.321122 
.327114 
.333025 
.338856 
.ai4610 
.350239 
.3i;6895 
.361430 

8.366895 
.372292 
.3776-22 
.332889 
.388092 
.393234 
.398:n5 
.403339 
.408304 
.413213 

8.418063 
.422869 
.427618 
.432315 
.436962 
.441560 
.446110 
.450613 
.455070 
.459481 

8.463349 
.4GS172 
.472454 
.476693 
.480S92 
.485050 
.489 1 70 
.493250 
.497293 
.601298 

8.505267 
.609200 
.613099 
.616961 
.620790 
.5215S6 

.62s:n9 
.6;32aso 

.635779 



D.l". 



X 



119.67 
117.72 
115.84 
114.02 
112.25 
110.54 
103.87 
107.26 
105.70 
104.18 

102.70 
101.26 
99.87 
93.51 
97.19 
95.90 
&1.65 
93.43 
92.24 
91.03 

89.95 
88.85 
87.77 
86.72 
85.70 
84.69 
83.71 
82.76 
81.62 
80.91 

80.02 
79.14 
78.29 
77.45 
76.63 
76.83 
75.05 
74.23 
73.53 
72.79 

72.06 
71.35 
70.66 
69.98 
69.31 
63.65 
68.01 
67.33 
66.76 
66.15 

6.5.55 
61.96 
61.39 
63.82 
63.26 
62.72 
62.18 
61.65 



Cutang. M. 



1.756079 
.750893 
.743835 
.736885 
.730044 
.723309 
.716677 
.710144 
.7(«703 
.597366 

1.691116 
.6^954 
.673378 
.672886 
.666975 
.661144 
.655390 
.649711 
.644105 
.638570 

1.633105 
.627703 
.622378 
.617111 
.611909 
.606766 
.601635 
.696662 
.591696 
.686787 

1.581932 
.677131 
.672382 
.667635 
.563038 
:553440 
.653890 
.549387 
.&44930 
.&10519 

1.536151 
.631823 
.627516 
.623307 
.619103 
.614950 
.610930 
.506750 
.602707 
.498702 



1.494733 

.490800 
.486902 
.483039 
.479210 
.475414 
.471651 
.467920 



60 
59 
68 
67 
56 
55 
64 
63 
52 
51 

50 
49 
48 
47 
46 
45 
44 
43 
42 
41 

40 
39 
33 
37 
38 
35 
34 
33 
32 
31 

30 
29 
23 
27 
26 
25 
24 
33 
22 
21 

20 
19 
18 
17 
16 
15 
14 
13 
12 
11 

10 
9 
8 
7 
6 
5 
4 
3 




ffgO 



TABLE XIII. LOGARITHMIC SINES, 



irr 



Sine. 



r,0 



8.5-12.'^19 
.540422 
.649995 
.5r)3ri39 
.557(f5-l 
.5C(K')40 
.5G3999 
.50743 1 
57{iS3G 
.574214 

8.577566 
.5SnS92 
.5S4I93 
.5S7169 
.590721 
.59391S 
.597152 
.GJ(«32 
.6034 S9 
.606623 

8.609734 
.612S23 
.6I5S91 
.61S937 
.621902 
.624905 
.627918 
.63091 1 
.63as54 
.636776 

8.63f6S0 
.612.-)63 
.61542S 
.61.S274 
.651102 
.65.3911 
.6."07(»2 
.6.VJ175 
.662230 
.664968 

8.6076S9 
.670393 
.673(JS0 
.675751 
.67.S405 
.6^1043 
.6-3065 
.6-6272 
.6>^S<63 
.691433 

8.693993 
.696;'5-13 
.699073 
.70I.5S9 
.7fH(»90 
.706577 
.7'WM9 

.711 nor 

.713952 
.7lff3<3 
7JSS00 



Coffioe. 



D. 1". 



60.04 
59.55 
59.06 
58.53 
5.3. II 
57.65 
57.19 
56.74 
56.30 
65.67 

55.44 
65.02 
64.60 
64.19 
63.79 
53.39 
63.00 
62.61 
62.23 
61.86 

61.49 
51.12 
60.77 
50.41 
60.06 
49.72 
49.33 
49.ai 
43.71 
43.39 

43.06 
47.75 
47.43 
47.12 
46.82 
46.52 
46.22 
45.93 
45.63 
45.35 

45.07 
44.79 
44.51 
44.24 
43.97 
43.70 
43.44 
43.13 
42.92 
42.67 

42.42 

42.17 

41.93 

41.63 

41.44 

41.21 

4(197 

40.74 

40.51 

40.29 

1". 



Cosine. 



9.999735 
.99«.J731 
.999726 
.999722 
.999717 
.999713 
.999708 
.9997tH 
.999699 
.999694 

9.999689 
.999635 
.999630 
.999675 
.999670 
.999665 
.99%60 
.999655 
.999650 
.999645 

9.999640 
.999635 
.999629 
.999624 
.999619 
.999614 
.999608 
.999603 
.999597 
.999592 

9.999586 
.999581 
.999575 
.999570 
.999561 
.999553 
.999553 
.999547 
.999541 
.999535 

9.999529 
.999524 
.999518 
.999512 
.999506 
.999500 
.999493 
.9994S7 
.999431 
.999475 

9.999469 
.999463 
.999456 
.999150 
.999143 
.999437 
.999431 
.99iM24 
.099418 
.99i»41l 
.999101 

Sine. 



D. 1". 



.07 
.07 
.08 
.03 
.03 
.08 
.08 
.08 
.08 
.08 

.08 
.08 
.08 

.08 
.03 
.03 
.08 
.08 
.08 
.09 

.09 
.09 
.09 
.09 
.09 
.09 
.09 
.09 
.09 
.09 

.09 
.09 
.09 
.09 
.09 
.10 
.10 
.10 
.10 
.10 

.10 
.10 
.10 
.10 
.10 
.10 
.10 
.10 
.10 
.10 

.10 
.11 
.II 
.11 
.11 
.11 
.11 



Tang. 



8.5430S4 
.646691 
.650268 
.653317 
.657336 
.560t?23 
.6(>4291 
.667727 
.671137 
.674520 

8.677877 
.581208 
.684514 
.687795 
.691051 
.594283 
.697492 
.600677 
.603^39 
.606978 

8.610f»94 
.613189 
.616262 
.619313 
.622:J43 
.625352 
.6233-10 
.631303 
.63-1256 
.637134 

8.640093 
.frl29<2 
.6-15.353 
.6437W 
.&31537 
.654352 
.657149 
.659928 
.602639 
.665433 

8.663160 
.670370 
.673563 
.676239 
.673900 
.6.31544 
.6im72 
.6-^6784 
.6'^93.3I 
.691963 

8.694529 
.697081 
.699617 
.70-2139 
.701646 
.707140 
.709018 



D. 1«. 




GO. 12 
69.62 
69.14 
68.66 
68.19 
67.73 
67.27 
66.82 
66.38 
66.95 

65.62 
65.10 
64.68 
64.27 
63.87 
63.47 
63.08 
62.70 
62.32 
61.91 

61.63 
61.21 
60.85 
6«J.50 
60.16 
49.81 
49.47 
49.13 
48.80 
48.43 

48.16 
47.84 
47.53 
47.22 
46.91 
46.61 
46.31 
46.02 
45.73 
45.45 

45.16 
44.88 
44.61 
44.34 
44.07 
43.80 
43.54 
43.28 
43.(0 
42.77 

42.52 
42.23 
42.03 
41.79 
41.65 
41.32 
41.03 



Gotang. 



1.456916 
.453309 
.449732 
.446183 
.4426&1 
.439172 
.435709 
.432273 
.428SG3 
.426480 

1.422123 
.418792 
.415486 
.412205 
.408949 
.405717 
.402.508 
.399323 
.396161 
.393022 

1.389906 
.386811 
.383738 
330637 
377657 
.374648 
.371660 
.363692 
.365744 
.362816 

1.359907 
.357018 
.354147 
.351296 
.348463 
.345648 
.342851 
.340072 
.337311 
.334667 

1.331840 
.329130 
.326437 
•323761 
.321 100 
.318466 
.315828 
.313216 
.310619 
.308037 

1.305471 
.302919 
.300383 
.297861 
.295354 
.2<ni36() 
.290382 
.287917 



3 
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TABLE XIII. LOGARITHMIC SINES, 



171^ 



M 


I 
2 
3 
4 
G 
6 
7 
8 
9 

10 
U 
12 
13 
14 
15 
16 
17 
18 
19 

20 
21 
22 
23 
21 
25 
26 
27 
2S 
29 

30 
31 
32 
33 
31 
35 
36 
37 
3S 
39 

40 
41 
42 
43 
44 
45 
40 
47 
48 
49 



Siue. 

8.8-135.S5 
.845387 
.847183 
.84SU71 
.850751 
.852525 
.8">4291 
.856(M9 
.857801 
.859546 

8.86 12S3 
.663014 
.861733 
.666455 
.86S165 
.669S63 
.871565 
.873255 
.874938 
.876615 

8.878285 
.879919 
.8S1607 
.8S325S 
.8^^9()3 
.8s6r)42 
.aS8174 
.8S9801 
891421 
.893035 

8.894643 
.896216 
.8978-12 
.899132 
.901017 
.9;)2r,96 
.90: I 69 
.905736 
.9:>7297 
.908l>53 

8.9104fU 
.9119-19 
.9131SS 
.9l5(^22 
.9I65.-)() 
.9IS()73 
.919V.M 
.921103 
.922610 
.924112 

8.925609 
.92710(1 
.92-<5S7 
.93fMl6S 
.93r.l4 
.933015 

.mini 

.9:i7:i<H 
.933350 
940296 



D. 1". 



30.05 
29.92 
29.80 
29.08 
29.55 
29.43 
29.31 
29.19 
29.03 
23.96 

28.84 
28.73 
28.61 
28.50 
23.39 
28.23 
23.17 
2S.06 
27.95 
27.84 

27.73 
27.63 
27.52 
27.42 
27.31 
27.21 
27.11 
27.00 
26.90 
26.80 

26.70 
20.60 
26.51 
26.41 
20.31 
26.22 
20.12 
20.03 
25.93 
25.84 

25.75 
25.66 
25.50 
2.V47 
25.38 
2.").29 
25.21 
2.5.12 
2;-.. 03 
24.94 

5M.86 
24.77 
21.69 
21.60 
21 52 
21.43 
2/.. 75 
24.27 
24.19 
24. n 



Ckwine. 



9.99=^1 
.99S932 
.998923 
.99n'914 
.99'^i)f»5 
.99^^96 
.998887 
.99S,S73 
.998869 
.998860 

9.998851 
.99.8841 
.998832 
.998323 
.998813 
.998801 
.998795 
.99S785 
.998776 
.998766 

9.998757 
.99^747 
.993738 
.998728 
.998718 
.9987f« 
.99-099 
.998689 
.998679 
.996669 

9.99S659 
.998619 
.998639 
.99«^)29 
.998619 
.99-609 
.998599 
.9'.iS5>59 
.99^578 
.998563 

9.99S558 
.91N518 
.99-^537 
.99«^')27 
.99>!5!6 
.9iK>(K5 
.998-195 
. 99-^^5 

. .998174 
.998461 

9.99«5-153 
.998442 
.998431 
.998121 
.998-110 
.99<399 
.998388 
.99.<^77 

.998355 
.998:^4 



1". Tang. 



8.844644 
.846455 
.848260 
.850057 
.851846 
.&53628 
.a55-l(>3 
.857171 
.858932 
.860686 

8.862133 
.8W173 
.6659(»6 
.867632 
.869:351 
.871064 
.872770 
.874469 
.876102 
.877849 

8.879529 
.8812r»2 
.882^9 
.884 .'.'JO 
.880185 
.&87833 
.889470 
.891 1 12 
.692742 
.894366 

8.895984 
.897596 
.899203 
.90fl^l3 
.902398 
.9f».39^7 
.9a'>570 
.907147 
.90"=5719 
.910285 

8.91 1846 
.913101 
.9N951 
.916195 
.91.^1.34 
.919568 
.921f»96 
.922(519 
.92-11.% 
.92.'>6-19 

8.927156 
.928658 
.930155 
.9316-17 
.933 1 :« 
.931616 
.936' »93 

.f)\CV\fV\ 



D V. 



30.20 
30.07 
29.95 
29.83 
29.70 
29.68 
29.46 
29.35 
29.23 
29.11 

29.00 
28.88 
28.77 
28.66 
28.55 
28.43 
28.32 
28.22 
28.11 
28.00 

27.89 
27.79 
27.68 
27.58 
27.47 
27.37 
27.27 
27.17 
27.07 
26.97 

26.87 
26.77 
26.67 
26.58 
26.48 
26.39 
26.29 
26.20 
26. 10 
26.01 

25.92 
2.-..83 
25.74 
2i'}.65 
25.56 
25.47 
25.38 
2,">.29 
25.21 
25.12 

25.04 
24.95 
2-1.87 
2-1.78 
2-1.70 
21.62 
21.53 



Ck>taiig. 



1.155356 
.153545 
.151740 
.149943 
.148154 
.146372 
.144597 
.142829 
.141068 
.139314 

1.137567 
.135827 
.134094 
.132363 
.130649 
.128936 
127230 
.125531 
.123838 
.122151 

1.120471 
.118798 
.117131 
.115470 
.113816 
.112167 
.110524 
.108888 
.107258 
.105631 

1.104016 
.102404 
.100797 
.099197 
.097602 
.096013 
.094430 
.092853 
.091281 

.069715 

1.08**Ifi4 
.086599 
.085049 
.083505 
.081966 
.08tM32 
.078904 
.077381 
.075864 
.074351 

1.072<M4 
.071342 
.069*^5 
.068353 
.(W6S66 
.065a84 
.06.3907 
.062135 
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TABLE XIII. LOGARITHMIC SINES, 



173« 



M. 





1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

20 
21 
22 
23 
24 
25 
2G 
27 
28 
29 

30 
31 
32 
33 

ai 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
46 
46 
47 
48 
49 

60 
51 
62 
53 
54 
65 
56 
57 



Sine. 




9.019235 

Atumo 

.021632 
.022vS25 
.0^016 
.02o2(»3 
.026:*^ 
.027567 
.02S741 
.029918 

9.0310S9 
032257 
.033421 
.031582 
.035741 
.036896 
.0380-18 
.039197 
.040342 
.041485 

9.042625 
.013762 
.044895 
.046026 
.047154 
.048279 
.049400 
.050519 
.051635 
.052749 

9.053S59 
.054966 
.056071 
.057172 
.058271 
.059367 
.060460 
.061551 
.0626.39 
.063724 

9.064^00 
.0658S5 
.066962 
.06>036 
.f>601()7 
.070176 
.07IJM2 
.0723r)6 
.07a366 
.074424 

9.075480 
.076533 
.077583 
.07.'--631 
.079676 
.080719 
.031759 
.082797 

.084661 
.085894 



D. 1". 



20.00 
19.95 
19.89 
19.84 
19.78 
19.73 
19.67 
19.62 
19.57 
19.51 

19.46 
19.41 
19.36 
19.30 
19.25 
19.20 
19.15 
19.10 
19.05 
19.00 

18.95 
18.90 
18.85 
18.80 
18.75 
18.70 
18.65 
18.60 
18.55 
18.50 

18.46 
18.41 
18.36 
18.31 
18.27 
18.22 
18.17 
18.13 
13.08 
13.04 



Coelne. 



9.997614 
.9\)76()1 
.997583 
.997574 
.997561 
.997547 
.997534 
.997.520 
.9975(17 
.997493 

9.997480 
.997466 
.997452 
.997439 
.997425 
.997411 
.997397 
.997383 
.997369 
.997355 

9.997341 
.997327 
.997313 
.997299 
.997285 
.997271 
.997257 
.997242 
.997223 
.997214 

9.997199 
.997185 
.997170 
.997156 
.997141 
.997127 
.997112 
.997098 
.997083 
.997003 

9.997053 
.997039 
.997024 
.997009 
.996994 
.996979 
.«M59»>4 
.996949 
.996931 
.996919 

9.996904 
.996889 
.996S74 
,996358 
.990-^3 
.9U6S28 
.99^312 
.996797 
.996782 
.996766 
.996751 



Coelae. 



D. 1". 



.22 
.22 
.22 
.22 
.22 
.22 
.23 
.2:3 
23 
23 

23 
i23 
.23 
.23 
.23 
.23 
.2:^ 
.23 
.23 
.23 

.23 
.23 
.24 
.24 
.24 
.21 
.24 
.24 
.24 
M 

.24 
.24 
.24 
.24 
.24 
.24 
.24 
.24 
.25 
.25 

.25 
.25 
.a") 
.25 
.25 
.25 
.25 
.25 
.25 
.25 

.25 
.25 
.25 
.25 
.26 
.26 
.26 
.26 
.26 
.26 



Tang. 



9.021620 
.022334 
.024044 
.02.'-)25l 
.0264.55 
.027055 
.028852 
.030046 
.031237 
.032425 

9.033609 
.034791 
.C'35S09 
.037144 
.038316 
.039485 
.W()651 
.CM18I3 
.(M2973 
.044130 

9.045284 
.046431 
.W7582 
.048727 
.019869 
051008 
.052144 
.053277 
.a54407 
.055535 

9.0566.59 
.057781 
.ft")S900 
.000016 
.061130 
.062tM0 
.063313 
.004453 
.00.').556 
.006655 

9.067752 
.068846 
.069933 
.071027 
.072113 
.073197 
.074278 
.075,356 
.076432 
.077605 

9.078576 
.079644 
.080710 
.031773 
.(^32S33 
.033^91 
.084JM7 
.0S6(Hi0 
.087(«50 
I .CW8093 
\ .089\44 



D. 1". 



8i2M I D.l».\ Cot^gr\ T>.V» 



\- 



20.23 
20.17 
20.12 
20.0(5 
20.01 
19.95 
19.90 
19.65 
19.79 
19.74 

19.69 
19.64 
19.58 
19.53 
19.48 
19.43 
19.38 
19.33 
19.28 
19.23 

19.18 
19.13 
19.08 
19.03 
18.98 
18.93 
18.89 
18.84 
18.79 
18.74 

18.70 
18.65 
18.60 
18.56 
18.61 
18.46 
18.42 
18.37 
18.33 
18.28 

18.21 
18.19 
18.16 
18.10 
18.06 
18.02 
17.97 
17.93 
17.89 
17,84 

17.80 
17.70 
17.72 
17.67 
17.03 
17.69 
17.55 
17.61 
17.47 



Cotang. 


M. 
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TABLE XIII. LOGARITHMIC 8INBS, 



1710 




1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

30 
31 
32 
33 
31 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
46 
46 
47 
48 
49 



8lM 




9 143556 
.144463 
.145319 
.1462)3 
.147136 
.148026 
.148915 
.149802 
.160666 
.161669 

9.162451 
.163330 
.164208 
.165063 
.165957 
.166830 
.167700 
.158569 
.159435 
.160301 

9.161164 
.162026 
.162886 
.163743 
.I&1600 
.1&'>464 
.166307 
.167169 
16S008 
.168866 

9.169702 
.170547 
.171389 
.172230 
.173070 
.173908 
.174744 
.176678 
176111 
.177242 

9.178072 
.17S9fJ0 
.179726 
.180661 
.181374 
.182196 
.183016 
.1S3S34 
.lvS4661 
.18i>166 

9.1S62S0 

.H7092 

.H7903 

.1SS712 

.1S9519 

.19<i326 

.191130 

.101933 

.192734 

.193534 

.194332 



D.l«. 



/ 



14.97 
14.93 
14.90 
14.87 
14.84 
14.81 
14.78 
14.76 
14.72 
14.69 

14.66 
14.63 
14.60 
14.67 
14.54 
14.61 
14.48 
14.46 
14.42 
14.39 

14.36 
14.33 
14.30 
14.27 
14.24 
14.22 
14.19 
14.16 
14.13 
14.10 

14.07 
14.06 
14.02 
13.99 
13.96 
13.9} 
13.91 
13.88 
13.86 
13.83 

13.80 
13.77 
ia76 
13.72 
13.69 
13.67 
13.61 
13.61 
13.69 
13.66 

1354 
13.51 
13.48 
13.46 
13.43 
13.41 
13.38 
73.36 
i3. 33 
i3.31 



Codn*. 



9.996753 
.996736 
.996717 
.996699 
995661 
.996664 
.996646 
.995628 
.996610 
.996681 

9.996673 
.996565 
.996637 
.996519 
.996601 
.996482 
.996464 
.996446 
.995427 
.995409 

9.995390 
.995372 
.995363 
.996334 
.995316 
.995297 
.996278 
.996260 
.995211 
.995222 

9.996203 
.995184 
.996165 
.995146 
.995127 
.996106 
.996089 
.91)6070 
.996061 
.995032 

9.995013 
.994993 
.994974 
.99^1965 
.994935 
.994916 
.9iMvS96 
.091877 
.994867 
.(^94838 

9.994SI8 
.99^1798 
.99-1779 
.991769 
.JHM739 
.991720 
994700 
.991690 
.994060 
.91)4640 
.90^1620 



D.r 



.30 
.30 
.30 
.90 
.30 
.90 
.90 
.30 
.90 
.90 

.90 
.90 
.90 
.90 
.90 
.31 
.31 
.31 
.31 
.31 

.31 
.31 
31 
.31 
.31 
.31 
.91 
.91 
.91 
.31 

.91 
.32 
.32 
.32 
.32 
.92 
.32 
.32 
.32 
.32 

.32 
.32 
.32 
.32 
.32 
.32 
.33 
.33 
.33 
.33 

.33 
.33 
.33 
.33 
.33 
.33 
.33 
.33 



Thng. 



/ D. V. I 8ln^ 




9.147803 

.148718 

.149632 

.150644 

.151454 

162363 

.163269 

164174 

166077 

.166978 

9.166877 
.167775 
.166671 
• KWODO 
.160467 
.161347 
.162236 
.163123 
.164006 
.164892 

9.165774 
.166654 
.167,'>32 
.16A1()9 
.169284 
.170167 
.171029 
.171899 
.172767 
.173634 

9.174499 
.175362 
.176224 
.177084 
.177942 
.178799 
.179655 
.180508 
.181.')60 
.182211 

9.183069 
.183907 
.184762 
.186597 
.18&139 
.187280 
.18RI20 
.188958 
.189794 
.190629 

9. 1 91 462 
.192294 
.193124 
.ia')953 
.194780 

.196.130 
.I972r)3 



D. 1". 



Cotang 



16.26 
15.23 
16.20 
16.17 
15.14 
15.11 
16.06 
16.06 
15.02 
14.99 

14.96 
14.93 
14.90 
14.87 
14.84 
14.81 
14.78 
14.76 
14.73 
14.70 

14.67 
14.64 
14.61 
14.68 
14.56 
14.63 
14.60 
14.47 
14.44 
14.42 

14.39 
14.36 
14.33 
14.31 
14.28 
14.26 
14.23 
14.20 
14.17 
14.16 

14.12 
14.09 
14.07 
14.04 
14.02 
13.99 
13.97 
13.94 
13.91 
13.89 

13.86 
13.84 
13.81 
13.79 
13.76 
13.74 
13.71 
\^.%^ 



M. 



0.862197 
.651282 
.850368 
.849456 
.848546 
.847637 
.846731 
.846826 
.844923 
.844022 

0.843123 
.842226 
.841329 
.64M36 
.839643 
.838663 
.83n64 
.836877 
836992 
.836106 

0.834226 
.833346 
832468 
.831691 
.830716 
.829843 
.828971 
.82S101 
.827233 
.826366 

0.825.'i01 
.824688 
.82;i776 
.822916 
.822068 
.821201 
.820346 
.819492 
.818640 
.817789 

0.816941 
.816093 
.815249 
.814403 
.813561 
.812720 
.811880 
.81I(M2 
.810206 
.809371 

0.808536 
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.806^6 
.8fl6(M7 
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.80)394 
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45 
44 
43 
42 
41 

40 
39 
38 
37 
86 
36 
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32 
31 
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S9 

28 
27 
26 
26 
24 
23 
22 
21 

20 
19 
18 
17 
16 
16 
14 
13 
12 
11 

10 
9 
8 
7 
6 
6 
4 
3 



C08IKBB, TAlfflENTS, AH9 COTAItGEKTS. 




TABLE XIII. LOGARITHMIC SINEiS, 



1690 



Sine. 



9.230670 
.2403o6 
.241101 
.241814 
.iM2526 
.243237 
.213947 
.2H656 
.245363 
.246069 

9.246775 
.247478 
.248181 
.248383 
.249583 
.250282 
.250980 
.251677 
A')2373 
.253067 

9.253761 
.254453 
.255144 
.255834 
.256523 
.257211 
.257898 
.258583 
.259268 
.259951 

9.260633 
.261314 
.261994 
.262673 
.263351 
.264027 
.264703 
.265377 
.206051 
.266723 

9.267395 
.268065 
.26S734 
.269402 
.270069 
.270735 
.271400 
.272064 
.272726 
.273388 

9.274049 

.274708 

.275367 

.276025 

.276631 

.277337 

.277991 

.27S615 

.279297 

.279948 

2S0599 



D.l". 



11.93 
11.91 
11.89 
11.87 
11.85 
11.83 
11.81 
11.79 
11.77 
11.76 

11.73 
11.71 
11.69 
11.67 
11.65 
11.63 
11.61 
11.59 
11.58 
11.56 

11.54 
11.52 
11.50 
11.48 
11.46 
11.44 
11.42 
11.41 
11.^ 
11.37 

11.35 
11.33 
11.31 
11.30 
11.28 
11.26 
11.24 
11.22 
11.20 
11.19 

11.17 
11.15 
11.13 
11.12 
11.10 
11.08 
11.06 
11.05 
11.03 
11.01 

10.99 

10.98 

10.96 

10.94 

10.92 

10.91 

\0.89 

10.87 

10.86 

10.84 
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9.99a351 
.993329 
.99331)7 
.993234 
.993262 
.993240 
.993217 
.993195 
.993172 
.993149 

9.993127 
.993104 
.993081 
.993059 
.993036 
.993013 
.992990 
.992967 
.992944 
.992921 

9.992898 
.992S75 
.992852 
.992829 
.992806 
.992783 
.992759 
.992736 
.992713 
.992690 

9.992666 
.992643 
.992619 
.992596 
.992572 
.992549 
.992525 
.992501 
.992478 
.992454 

9.992130 
.992406 
.992382 
.992359 
.992335 
.992311 
.992237 
.992263 
.992239 
.992214 

9.992190 
.992166 
.992142 
.992118 
.992f»93 
.992f)69 
.992044 
.902020 
.991996 
.991971 
.991947 
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.37 
.37 
.37 
.37 
.37 
.37 
.38 
.38 
.38 
.38 

.38 
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.38 
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.39 
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^^oaitto, I D. 1/1. I Sine. 




9.21 63 1 9 
.217057 
.^47794 
.248530 
.249264 
.249998 
.25(J730 
.251461 
.252191 
.25-2920 

9.253648 
.254374 
.255100 
.255824 
.256547 
.257269 
.257990 
.258710 
.259429 
.260146 

9.260863 
.261578 
.262292 
.263005 
.263717 
.264428 
.265138 
.265847 
.266555 
.267261 

9.267967 
.268671 
.269375 
.270077 
.270779 
.271479 
.272178 
.272876 
.273573 
.274269 

9.274964 
.275658 
.276351 
.277043 
.277734 
.278424 
.279113 
.279801 
.280488 
.281174 

9.281858 
.232542 
.233225 
.283907 
.234538 
.235263 
.235947 

.2.37077 
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2.30 
2.28 
2.26 
2.24 
2.22 
2.20 
2.18 
2.17 
2.15 
2.13 



2.11 
2.09 
2.07 
2.05 
2.03 
2.01 
2.00 
1.98 
1.96 
1.94 

1.92 
1.90 
1.89 
1.87 
1.85 
1.83 
1.81 
1.79 
1.78 
1.76 

1.74 
1.72 
1.70 
1.69 
1.67 
1.65 
1.64 
1.62 
1.60 
1.58 

1.57 
1.55 
1.53 
1.51 
1.50 
1.48 
1.46 
1.45 
1.43 
1.41 

1.40 
1.38 
1.36 
1.35 
1.33 
1.31 
1.30 
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0.753681 

.752.443 
.752206 
.751470 
.75(1736 
.750002 
.749270 
.748539 
.747809 
.747080 

0.746352 
.745626 
.744900 
.744176 
.743453 
.742731 I 45 
.742010 
.741290 
.740571 
.739854 

0.739137 
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.736995 
.736283 
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.732739 

0.732033 
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.725731 

0.725036 
.724342 
.723649 
.722957 
.722266 
.721576 
.720887 
.720199 
.719512 
.718826 

0.718142 
.717458 
.716775 
.716093 
.716412 
.714732 
.714053 
.713376 
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BL 





1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 

SO 
21 
22 
23 
24 
25 
26 
27 
28 
29 

80 
31 
32 
33 
34 
86 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



Sine 



9.317879 
.318473 
.819066 
.319658 
.320249 
.320840 
.321430 
.322019 
.322607 
.323194 

9.3237F0 
.324366 
.324950 
.325534 
.326117 
.326700 
.327281 
.327862 
.828442 
.829021 

9.329699 
.330176 
.330753 
.331329 
.331903 
.332478 
.333051 
.333624 
.334195 
.334767 

9.385337 
.335906 
.336476 
.337043 
.337610 
.333176 
.338742 
.339307 
.339871 
.340434 

9.340996 
.341558 
.342119 
.342679 
.343239 
.343797 
.344355 
.344912 
.345469 
.346024 

9.346579 

.347134 

.347687 

.348240 

.348792 

.319343 

.349S93 

.3.W443 

,360992 

.351540 

.352088 




D. 1". 



9.90 
9.88 
9.87 
9.86 
9.84 
9.83 
9.81 
9.80 
9.79 
9.77 

9.76 
9.75 
9.73 
9.72 
9.70 
9.69 
9.68 
9.66 
9.65 
9.64 

9.62 
9.61 
9.60 
9.58 
9.57 
9.56 
9.54 
9.53 
9.52 
9.50 

9.49 
9.48 
9.46 
9.45 
9.44 
9.43 
9.41 
9.40 
9.39 
9.37 

9.36 
9.35 
9.34 
9.32 
9.31 
9.30 
9.29 
9.27 
9.26 
9.25 

9.24 

9.22 

9.21 

9.20 

9.19 

9.17 

9.16 

9.i5 

9.\A 

9.13 



Ootineb 



^^/ 9/1 i 
•. / 1>. 1". I 



9.990404 
.990378 
.990351 
.990324 
.990297 
.990270 
.990243 
.990215 
.990188 
.090161 

9.990134 
.990107 
.990079 
.990052 
.990025 
.989997 
.989970 
.989942 
.989915 
.989887 

9.989860 
.989832 
.989804 
.989777 
.989749 
.989721 
.980693 
.969665 
.989637 
.939610 

9.989582 
.989553 
.989525 
.989497 
.989469 
.989441 
.989413 
.989385 
.989356 
.969328 

9.989300 
.989271 
.989243 
.989214 
.989186 
.989167 
.989128 
.989100 
.989071 
.989042 

9.989014 
.988985 
.988956 
.988927 
.988898 
.988869 
.988840 
.988811 
.988782 
.988753 
.988724 

Sine. 



D-l*. 



.45 
.46 
.45 
.46 
.45 
.45 
.45 
.45 
.45 
.45 

.46 
.45 
.46 
.46 
.46 
.46 
.46 
.46 
.46 
.46 

.46 
.46 
.46 
.46 
.46 
.46 
.46 
.47 
.47 
.47 

.47 
.47 
.47 
.47 
.47 
.47 
.47 
.47 
.47 
.47 

.47 
.47 
.47 

.48 
.48 
.48 
.48 
.48 
.48 
.48 

.48 
.48 
.48 
.48 
.48 
.48 
.48 



Ttog. 




9.327475 
.328095 
.828716 
.829334 
.329953 
.330570 
.331187 
.331803 
.332418 
.333033 

9.333646 
.334259 
.834871 
.835482 
.336093 
.836702 
.337311 
.337919 
.338627 
.339133 

9.339739 
.340344 
.340948 
.341552 
.342165 
.342757 
.343358 
.343958 
.344568 
.346167 

9.346755 
.346353 
.346949 
.347546 
.348141 
.348735 
.349329 
.349922 
.350514 
.351106 

9.351697 
.352287 
.352876 
.353466 
.354053 
.354640 
.355227 
.355813 
.356398 
.366982 

9.367566 
.358149 
.358r31 
.359313 
.a''>9893 
.36(M74 
.30 I 053 
.3GIG32 



CO«Dm«. 



D. 1". 



10.35 
10.33 
10.32 
10.31 
10.29 
10.28 
10.27 
10.25 
10.24 
10.23 

10.21 
10.20 
10.19 
10.17 
10.16 
10.15 
10.14 
10.12 
10.11 
10.10 

10.08 
10.07 
10.06 
10.06 
10.03 
10.02 
10.01 
10.00 
9.98 
9.97 



Co tang. 

0.672526 
671905 
.671286 
.670666 
.670047 
.669430 
.668813 
.668197 
.667582 
.666967 

0.66G354 
.665741 
.665129 
.664518 
.663907 
.663298 
.662689 
.662081 
.661473 
.660867 

0.660261 
.659656 
.659052 
.658448 
.657846 
.657243 
.656642 
.656042 
.655442 
.654843 

0.654245 
.653647 
.653051 
.662456 
.651859 
.651265 
.650671 
.65(X)78 
.649486 
.648894 

0.648303 
.647713 
.647124 
.646536 
.645947 
.645360 
.644773 
.644187 
.643602 
.643018 

0.642434 
.641851 
.641269 
.640687 
.640107 
.639526 
.63^947 
.63S368 
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TABLE XIII. LOGARITHMIC SINES, 



161C 



M. 


I 
2 
3 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
13 
19 

20 
21 
22 
23 
24 
25 
26 
27 
23 
29 

30 
31 
32 
33 
31 
35 
36 
37 
33 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
51 
52 
53 
54 



Sine. 



9.4899S2 
.490371 
.490759 
.491147 
.491535 
.491922 
.492303 
.492695 
.493081 
.493166 

9.493851 
.491236 
.494621 
.495005 
.49/v398 
.495772 
.496151 
.496537 
.496.)! 9 
.497301 

9.497632 
.493064 
.493144 
.493325 
.499204 
.499584 
.499963 
.600342 
.600721 
.501099 

9.501476 
.601854 
.502231 
.502607 
.502984 
.503360 
.60:j736 
.604110 
.5W435 
.501860 

9.505234 
.505608 
.505931 
.506351 
.606727 
.607099 
.507471 
.507343 
.503214 
.503535 

9.50^56 

.5fKJ326 

.50'j696 

.5li)()65 

.610131 

.510303 

.611172 

.511540 

.611907 

.612275 

612642 



D. 1''. Cosine. 



9.973206 
.978165 
.973124 
.97S0S3 
.978012 
.973001 
.977959 
.977918 
.977877 
.977835 

9.977794 
.977752 
.977711 
.977669 
.977623 
.977536 
.977544 
.977503 
.977161 
.977419 

9.977377 
.977335 
.977293 
.977251 
.977209 
.977167 
.977125 
.977033 
.977041 
976999 

9.976957 
.976914 
.976872 
.976830 
.976787 
.976745 
.976702 
.976660 
.976617 
.976574 

9.976532 
.976139 
.976116 
.976104 
.976:i61 
.976318 
.976275 
.976232 
.976139 
.976146 

9.976103 
.976060 
.976017 
.975974 
.975930 
.975387 
.975-^ 
.975300 

.97r,7l4 
.975670 



D. 1". 



Tans. 



9.51 1776 
.512206 
.512635 
.613064 
.613493 
.613921 
.514319 
.614777 
.515204 
.515631 

9.516057 
.516134 
.516910 
.617:«5 
.517761 
.518186 
.5IS610 
.5I9fKJ4 
.519^158 
.519332 



^oeiao. I D. j//. 



Sine. 



9.520305 
.520723 
.621 151 
.521573 
.521995 
.522417 
.622338 
.523259 
.623630 
.521100 

9..')24520 
.621iM0 
.625359 
.625778 
.526197 
.526615 
.627033 
.527451 
.527868 
.523235 

9.523702 
.529119 
.6295:i5 
.529I»51 
.530366 
.530731 
.531196 
.531611 
.632025 
.632439 

9.532953 
.5332G6 
.533679 
.5;M092 
.531504 
.531916 
.535323 
.53r>7.i9 

.r>^R\r)0 

.530^72 



D. 1". 



7.16 
7.16 
7.15 
7.14 
7.14 
7.13 
7.13 
7.12 
7.12 
7.11 

7.10 
7.10 
7.09 
7.09 
7.03 
7.03 
7.07 
7.07 
7.06 
7.05 

7.05 
7.04 
7.04 
7.03 
7.03 
7.02 
7.02 
7.01 
7.01 
7.00 

6.99 
6.99 
6.98 
6.9S 
6.97 
6.97 
6.96 
6.96 
6.£d 
6.95 

6.94 
6.94 
6.93 
6.93 
6.92 
6.91 
6.91 
6.90 
6.90 
6.89 



D. 1".| Cotang 




Cotang. 



0.488224 
.487794 
.487.365 
.4S6936 
.4.''&')07 
.486079 
.436651 
.485223 
.434796 
.484369 

0.483943 
.483516 
.483090 
.482665 
.482239 
.481314 
.481390 
.480966 
.430542 
.480118 

0.479695 
.479272 
.478849 
.478427 
.478005 
.477533 
.477162 
.476741 
.476320 
.475900 

0.475480 
.475060 
.474611 
.474222 
.4733f)3 
.473335 
.472967 
.472519 
.472132 
.471716 

0.471298 
.470381 
.470.165 
.470019 
.409631 
.469219 
.463601 
.46-^339 
.467975 
.467561 

0.467147 
.4657:J1 
.4(>r.:J2l 
.4»;')U( 13 
.46.'. 196 

.464672 
.4W201 
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TABLE XIXI. LOGARITHMIC SINES, 



1990 



M. 


1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



SiiM. 



9.534052 
.534399 
.534745 
.535092 
.535438 
.635783 
.636129 
.536474 
.536818 
.537163 

9.537507 
.537851 
.538194 
.538538 
.538880 
.539223 
.539565 
.539907 
.640249 
.640590 

9.540931 
.541272 
.541613 
.541953 
.542293 
.642632 
.542971 
.543310 
.543619 
.543987 

9.544325 
.544663 
.545000 
.545338 
.546674 
.646011 
.546347 
.646683 
.547019 
.547354 

9.547689 
.548024 
.548359 
.548693 
.549027 
.549360 
.549693 
.6.'>n026 
.550359 
.550692 

9.551024 

.551356 

.551687 

.552018 

.552349 

.552680 

.653010 

.653341 

.663670 

.664000 

664329 



D. 1". Corine. D. 1". 



9.972986 
.972940 
.972894 
.972848 
.972802 
.972755 
.972709 
.972663 
.972617 
.972570 

9.972524 
.972478 
.972431 
.972385 
.972338 
.972291 
.972245 
.972198 
.972151 
.972106 

9.972058 
.972011 
.971964 
.971917 
.971870 
.971823 
.971776 
.971729 
.971682 
.971635 

9.971588 
.971540 
.971493 
.971446 
.971398 
.971351 
.971303 
.971256 
.971208 
.971161 

9.971113 
.971066 
.971018 
.970970 
.970922 
.970874 
.970827 
.970779 
.970731 
.970683 

9.970635 
.970586 
.970538 
.970490 
.970442 
.970394 
.970345 
.970297 
.970249 
.970200 
.970152 



Offiuo. I D. J/-. / ainft. 



.77 
.77 
.77 
.77 
.77 
.77 
.77 
.77 
.77 
.77 

.77 
.77 
.78 
.78 
.78 
.78 
.78 
.78 
.78 
.78 

.78 
.78 
.78 
.78 
.78 
.78 
.78 
.79 
.79 
.79 

.79 
.79 
.79 
.79 
.79 
.79 
.79 
.79 
.79 
.79 

.79 
.80 
.80 
.80 
.80 
.80 
.80 
.80 
.80 
.80 

.80 
.80 
.80 
.80 
.80 
.81 
.81 
.81 
.81 
.81 



Ttmg. 



9.561066 
.561459 
.561851 
.562244 
.562636 
.563028 
.563419 
.663811 
.564202 
.664593 

9.664983 
.565373 
.565763 
.566153 
.566542 
.566932 
.667320 
.567709 
.568098 
.668486 

9.568873 
.569261 
.569648 
.570035 
.670422 
.670809 
.671195 
.671581 
.571967 
.672352 

9.572738 
.673123 
.673507 
.673892 
.674276 
.674660 
.575044 
.575427 
.675810 
.676193 

9.576576 
.576959 
.577341 
.577723 
.678104 
.678486 
.678867 
.679248 
.679629 
.580009 

9.580389 
.580769 
.681149 
.581528 
.681907 
.582286 
.682665 
.683044 
.6B34^ 

.6S%ao 

.584177 



D. 1". 



6.55 
6.54 
6.54 
6.54 
6.53 
6.53 
6.52 
6.52 
6.51 
6.51 

6.50 
6.50 
6.50 
6.49 
6.49 
6.48 
6.48 
6.47 
6.47 
6.46 

6.46 
6.46 
6.45 
6.45 
6.44 
6.44 
6.43 
6.43 
6.43 
6.42 

a43 
6.41 
6.41 
6.40 
6.40 
6.40 
6.39 
6.39 
6.38 
6.88 

6.37 
6.37 
6.37 
6.36 
6.36 
6.35 
6.35 
6.34 
6.34 
6.34 

6.33 
6.33 
6.32 
6.32 
6.32 
6.31 
6.31 

^.20 



Ckttang. 



0.438934 
.438541 
.438149 
.437756 
.437364 
.436972 
.436581 
.436189 
.435798 
.435407 

0.435017 
.434627 
.434237 
.433847 
.433458 
.433068 
.482680 
.432291 
.431902 
.431514 

0.431127 
.430739 
.430352 
.429965 
.429578 
.429191 
.428805 
.428419 
.428033 
.427648 

0.427262 
.426877 
.426493 
.426108 
.425724 
.425340 
.424956 
.424573 
.424190 
.423807 

0.423424 
.423041 
.422659 
.422277 
.421896 
.421514 
.421133 
.420752 
.420371 
.419991 

0.419611 
.419231 
.41H851 
.418472 
.418(193 
.417714 
.417335 
.416956 



60 
59 
58 
67 
56 
55 
64 
53 
52 
61 

50 
49 
48 
47 
46 
45 
44 
43 
42 
41 

40 
39 
38 
37 
36 
35 
34 
33 
32 
31 

30 
29 
23 
27 
26 
25 
24 
23 
22 
21 

90 
19 
18 
17 
16 
16 
14 
13 
12 
11 

10 
9 
8 
7 
6 
6 
4 
3 



I>. 1". \ Ootaug. 



\>.V*. \ '^woft- X^*^ 



COSINES, TA2(G£NTS, AND COTANG£XTS. 



«ic 







1 
2 
3 

4 
6 
6 

7 
8 
9 

10 
II 
12 
13 
14 
15 
16 
17 
IS 
19 

2Q 
21 
22 
23 
21 
25 
26 
27 
23 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



OlM. 



/ 



9.5M329 
.551658 

.65r>315 
.55.-613 
.555971 
.556299 

^%953 
.557280 

9.55760^ 
.557932 
.55^253 
.55>533 
.55>d09 
.559231 
.65955S 
.559S83 
.6GU207 
.66U531 

9.560355 
.561173 
.56I5f)l 
.6613^1 
.662146 
.562463 
.562790 
.563112 
.56:^33 
.563755 

9.561')75 
.564396 
.561716 
.565'(36 
.66.}a56 
.565676 
.56."aa5 
.566.314 
.566(;t32 
.666U51 

9.567289 
.567587 
.567904 
.56S222 
.«>^'539 
.5ft-iS56 
.569172 
.5G94S8 
.669S04 
.67U120 

9.570435 
.671)751 
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TABLE XIII. LOGARITHMIC SINES, 
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9.747562 
.747749 
.747936 
.748123 
.748310 
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.748683 
.748870 
.749056 
.749243 
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.755143 
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.914334 

9.914246 
.914158 
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M. Sine. 




9.80S0G7 
.808218 
.808368 
.808519 
.808669 
.808819 
.80S969 
.809119 
.809269 
.809419 

9.809569 
.809718 
.809868 
.810017 
.810167 
.810316 
.810465 
.810614 
.810763 
.810912 

9.811061 
.811210 
.811358 
.811507 
.811655 
.811SfH 
.811952 
.812100 
.812243 
.612396 

9.812544 
^12692 
.812840 
.812938 
.813135 
.813233 
.813430 
.813578 
.813725 
.813872 

9.814019 
.814166 
.814313 
.814460 
,814607 
.814753 
.814900 
.815046 
.815193 
.815339 

9.81&185 
.816632 
.815778 
.815924 
.816069 
.816215 
.816361 
.8l6o07 
.816652 
.816793 
.816943 
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2.49 
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2.49 
2.49 
2.48 
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2.43 
2.48 



9.88-1254 
.834148 
.8S4(M2 
.833936 
.883829 
.88:^723 
.883617 
.883510 

.88;moi 

.883297 

9.883191 

.883084 
.882977 
.882371 
.8827fM 
.882657 
.882550 
.882443 
.882336 
.832229 

9.882121 
.882014 
.881907 
.881799 
.831692 
.881584 
.881477 
.881369 
.881281 
.881153 

9.881016 
.880933 
.880.S30 
.830722 
.880613 
.8S0.'K)5 
.88(r397 
.880289 
.880180 
.880072 

9.879963 
.879855 
.879746 
.879637 
.879529 
.879420 
.879311 
.873202 
.879093 
.878984 

9.878876 
.878766 
.878656 
.878547 
.87.^38 
.8783iH 
.878219 
.878109 
.877999 
.877890 
.877780 



9.923314 
.924070 
.924.327 
.921.333 
.921840 
.925096 
.925352 
.925609* 
.925865 
.926122 

9.926378 
.926634 
.926890 
.927147 
.927403 
.927659 
.927915 
.928171 
.92^27 
.923634 

9.92S940 
.929196 
.929452 
.929703 
.929964 
.930220 
.930475 
.930731 
.930937 
.931243 

9.931499 
.931755 
.932010 
.932266 
.932522 
.9:}277S 
.933033 
.933239 
.9.^3545 
.933800 

9.934056 
.93^1311 
.931567 
.931822 
.935078 
.935333 
.935589 
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.075417 
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.0749^4 
.074643 
.074391 
.074135 
.073878 

0.073622 
073366 
.073110 
.072353 
.072.')97 
.072341 
.072a^5 
.071329 
.071573 
.071316 

0.071060 
.07(^-0-1 
.070543 
.07(»292 
.07(X)36 
.069780 
.069525 
.069269 
.069013 
.068757 

0.068501 
.06S245 
.067990 
.067734 
.067478 
.067222 
.066967 
.06671 1 
.066455 
.066200 

0,065914 
.065689 
.06r>433 
.065178 
.064922 
.064667 
.061411 
.064156 
.063900 
.063645 
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Sine. 



9.825511 
.825G51 
.825791 
.8259.31 
.826071 
.826211 
.826351 
.826491 
.826631 
.826770 

9.826910 
.827049 
.827189 
.827328 
.827467 
.827606 
.827745 
.827&S4 
.82S023 
.823162 

9.82S301 
.82.S-1.39 
.825578 
.828716 
.82S.S55 
.82S993 
.829131 
.829269 
.829407 
.829545 

9.8296S3 
.829S2I 
.829959 
.&30f)97 
.a3f)Z34 
830372 
.8:J0509 
.83')646 
.830784 
.830921 

9.831058 
.831195 
.831332 
.831469 
.831606 
.831742 
.831879 
.a320I5 
.832152 
.832288 

9.832425 
.832561 
.832697 
.832S33 
.832'J69 

.8.13211 

.8:i'i3rr 
.83:r,i2 
.8:i'iots 

.833783 



D. 1'*. Cosine. 



**Ino. / D. 2''. 



9.871073 
.870960 
.870,S-16 
.870732 
.87f»6l8 
.870504 
.870390 
.870276 
.870161 
.870047 

9.869933 
.669>513 
.869704 
.8695S9 
.869474 
.869360 
.869245 
.869130 
.869015 
.868900 

9.868785 
.S6S670 
.86S.355 
.8aS440 
.86-=l324 
.86S209 
.86S093 
.867978 
.867862 
.867747 

9.867631 
.867515 
.867399 
.8672S3 
.867167 
.867051 
.866935 
.866S19 
.866703 
.866536 

9.866470 
.866353 
.866237 
.866120 
.866004 
.865S37 
.865770 
.8656.53 
.865536 
.865419 

9.S6.'').302 
.865185 
.865' I6S 
.861950 
.861S33 
.864716 
.864593 
.861HI 
.861363 
.861-245 
.861127 

Sine. 



D. 1". Tang. D. 1". Cotang. 



9.954437. 
.954691 
.954'.M6 
.9rj5200 
.9554.54 
.9.55703 
.95.5961 
.9.56215 
.956169 
.956723 

9.956977 
.957231 
.9574S5 
.957739 
.957993 
.9.5S247 
.95S500 
.95.S754 
.959fXi3 
.959262 

9.9."»9516 
.959769 
.960023 
.960277 
.960530 
.96f)784 
.961053 
.961292 
.961545 
.961799 

9.962052 
.962306 
.96i'}60 
.962^13 
.963' )67 
.963320 
.963574 
.963.S23 
.9640S1 
.964335 

9.9G4588 
.961342 
.965095 
.965349 
.965602 
.965S55 
.966lf>9 
.966362 
.966616 
.966369 

9.967123 
.967.376 
.967629 
.967.333 
.96 SI 36 
.963;}S9 



4.23 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 

4.23 



B. 1".\ Cotiwtt«. \ 'O. V. \ 'tMv^ 




0.045563 
.0453f)9 
.04r)054 
.a44^(»0 
.044.-)l6 
.044292 
.041039 
.0437.35 
.013531 
.043277 

0.043023 
.0-12769 
.012515 
.042261 
.042007 
.(Ml 753 
.041500 
.041216 
.040992 
.040733 

0.04 04 34 
.(M02:n 
.039977 
.03<)723 
.039470 
.039216 
.03S962 
.033703 
.03S455 
.0aS201 

0.037943 
.037694 
.037440 
.037187 
.036933 
.0:16630 
.036426 
.0:J6172 
.0a')919 
.035665 

0.035412 
.0.35158 
.0:^19f»5 
.031651 
.031.393 
.0:VU45 
.a3.3391 
.033633 
.0.33.334 
.033131 

0.032377 
.0:^2624 
.032.371 
.0.32117 
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TABLE XVII. 

TANGENTS AND SHORTEST DISTANCES FROM INTERSEC. 
TION POINT OF A ONE-DEGREE CURVE. 

For chords of 100 feet the radius of a one-degree cuftc is 5'729.66 
feet. To find its tangent for any intersection angle I, we have, by 
g 4, T = R tan. | I, and to find the shortest distance from the in 
tersection point to the curve, we have, by § 71, 6 = T tan. ^I. By 
these formulsB this table is computed. 

To find T and b for a curve of any other degree (chords 100 feet), 
divide the values given in the table for the proper intersection angle 
bv the number of degrees, whole or fractional, of the curve. Thus, 
to find T and 6 for a 3° 20' curve we should divide the proper tabu- 
lar values by 3J. This process supposes the radii of curves to bo 
inversely proportional to their degrees. This is not strictly true, as 
mav be seen by referring to Table I. The resulting errors, however, 
are in gencrol too small to be of practical importance in the ordinary 
use of such a table. For a 10** curve and an intersection .angle of 
90", the value of T obtained from the table is too small by only .7, 
and that of b too small by only .3. For curves of smaller degrees 
and for smaller intersection angles the errors diminish rapidly. 
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